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A HOLOMORPHIC FUNCTION BY INTERPOLATION 
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Abstract. We give here some precisions and improvements about the vahd- 
ity of the exphcit reconstruction of any holomorphic function on C'^ from the 
knowledge of its restrictions on a family of complex lines. Such a validity 
depends on the mutual repartition of the lines. This condition can by geomet- 
rically described and is equivalent to a stronger stability of the reconstruction 
formula in terms of permutations and subfamilies of lines. The motivation of 
this problem also comes from possible applications in mathematical economics 
and medical imaging. 
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1. Introduction 

In this paper we give some results about the validity of the explicit reconstruction 
of any holomorphic function on from its restrictions on a family of complex lines 
that cross the origin. Such a family can be written as 

{z £ Zl - l]jZ2 = O}^.^^ , 

where the directions r/j e C are all differents (we forget the special line {z2 — 0}). 
We remind from [11] and [12] the following interpolation formula: 

N / N \ N _ 

^ 1 + VpVq 1 



(1.1) EN{f;v)iz) E n (^i-'?^^^) 



p=l \j=p+l I q=p ^ ^ l^?! Y[j=p,j^qiVq Vj) 

m>N-p ^ ' I "31 / 



where iV > 1 and z = (^1,^2) e C^. For all iV > 1 and / G O (C^), EnU^v) 
satisfies the following properties: 
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. i?Ar(/;77)eO(C2); 

• EM{f] T]) is an explicit formula that is constructed with the data 

• Vj = 1, . . . ,iV, EN{f;v)\{zi=vjZ2} = f\{zi=7i,z2}; 

• VP e C[zi,z2] with degP < iV- 1, En{P;ti) = P- 

The essential problem is that there is generally no guarantee that, as iV — >■ cxd, 
En if', f]) will converge to / (although it coincides with / on an increasing number 
of lines). We know from [12] that it is false, ie there are families of lines with (at 
least) an associate function such that i?Ar(/; 77) will not converge. Since we are 
interested in a reconstruction formula whose convergence is guaranted for every 
function f E O (C^), we want to determine all the good families of lines for which 
the convergence of the associate interpolation formula is made sure for any function. 
In this case, we just say the interpolation formula E^ (■]■!]) converges, ie Epf{f]ri) 
converges for all / e O (C^). At the contrary, we will say that En {■;!]) does not 
converge if there is / g O (C^) such that EN{f]rf) does not converge. This yields 
to the following result from [12] : 

Theorem 1. Let {rij}j>i he hounded. Then the interpolation formula EN{f',ri) 
converges to f , uniformly on any compact K <Z and for all f £ O (C^), if and 
only if there exists Rrj (that only depends on the sequence {7/j"}j>iy' such that, for 
all p, q > 0, one has 

9" 



(1.2) 



c 



1 + lCl^ 



'p+i, 



The operator Ap is defined as follows: for any function h that is just defined on 
the points r]j, j > 1, one has 

Ao(/i)(r?i) = /i(77i); 

Vp > 1, Ap,(^^,...,^^)(/?,)(r7p+i) = — 

'/p+i 'Ip 

{Ap{h) means the discrete derivative of order p of the function h). 

Theorem [1] can also be reformulated in the more general case when the set 
{r]j}j>i is not dense. 

The difficulty to understand the operator Ap that is constructed by induction 
(in particular if we want to compute it numerically) , gives us the motivation to find 
a criterion that could be more natural to understand. This yields to the following 
definition: 



Definition 1. The set {?7j}j>i is locally interpolable by real-analytic curves if, for 

'osure of {rjj}j>i), the 
rve C such that C G C 

vf]H},>i c c. 



all C e {ilj}j>i (topological closure of {rij}jyi), there exist a neighborhood V of 
and a smooth real- analytic curve C such that C G C and 



Equivalently, for all ( G {'7i}i>i ; there exist a neighborhood V oi(^ and g £ 0{V) 
such that, Vryj G V, 

(1.3) rf- = g{r]j) . 

One has the following result: 
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Theorem 2. // {?7j}j>i is locally interpolable by real-analytic curves, then the 
interpolation formula EN{f,r]) converges to f uniformly on any compact K d C 
and for all f e O (C^). 

This new geometric condition is more natural to understand and to be formu- 
lated. Nevertheless, it is a sufficient criterion that is not equivalent. Indeed, there 
are families of lines that are not locally interpolable by real-analytic curves and 
whose associate formula EM{-',rj) converges for every f E O (C^). Proposition [3] 
from Section [2] gives an example of such a family: it consists on constructing a 
sequence (?7j)j>i whose topological closure is the whole square [0, 1] -|-i[0, 1], but in 
such a way that, for all A'' > 1, the first N points rjj are the less close possible from 
each other (this construction intrinsically uses the e-entropy of the 2-dimensional 
square, cf [l5]). 

Finally, there is a special case of equivalence: if 77 = is a convergent 

sequence, then its associate interpolation formula Ei\[{-;r]) converges if and only 
if it is locally interpolable by real-analytic curves (Section [21 Proposition [2]). As 
applied, this gives us an easy way to construct such families of complex lines whose 
associate interpolation formula does not converge (Section [21 Corollary [2]). 

This last conclusion yields to the following question: why is this geometric crite- 
rion not (always) necessary? What is the difference between the case of the square 
and the one of a convergent sequence? The answer yields to another question: what 
is the action of the group of the permutations &iq on the validity of the convergence 

of Sjv(-;??)? 

We remind that EMif^rf) is constructed with the first N lines associate to 
771, ... , rjM (see (jl.ip ). The modified formula Ei\}{f; (7(77)) is the same one that is 
constructed with the first N lines 77ct(i)j • ■ • j VaiN)- Since any permutation does not 
change the family {r]j}j-^^, one is tempted to think that Ej\j{f; (y{rf)) and EN{f; if) 
are essentially the same. For example, if Afjv '■— max {iV, (t(1), . . . , cr(A^)}, then 
EMff{f;r]) and EM^if^'^iv)) both interpolate / on the lines r]i,...,r]N and 
770.(1), ■ • • , ^a{N)- Then we could believe that the action of the permutation group 
does not change the validity of the convergence of the associate formula i?Ar(-; 77). 
It is obvious if a only changes a finite number of lines but unfortunately it is not 
the case for all a £ ©n. 

Any permutation of a convergent sequence will still be a convergent sequence 
(with the same limit). Analogously, any permutation of a sequence that is locally 
interpolable by real-analytic curves will not change this property (since this is a 
set-condition that does not depend on any numeration). On the contrary, if we 
completely change the order of the sequence of the square from Proposition [3l the 
associate interpolation formula may not converge any more. The following result 
from Section [3l Subsection 13.11 shows that the permutations can essentially change 
everything about the validity of the convergence of the associate interpolation for- 
mula En{-; rj). 

Proposition 1. Consider {Oj).jyi and two sequences such that: 

• {Oj) (resp. (kj) -yi) is a bounded sequence whose interpolation formula 
En{-;9) (resp. En{-;k)) does not converge (resp. converges); 
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Now consider {rij)-y^ the sequence defined as follows: 

\Sj/2 if j is even, 
rjj := < 

\i^{j+i)/2 if 3 ^s odd. 

Then there exist ai and ai £ ©n such that E]y{-] (7i{ri)) converges (ie for all 
f E O (C^) , ^'Af (/; f 1(77)) converges to f uniformly on any compact K C C^j and 
En{'', cr2{ri)) does not (ie there is - at least - one function f £ O (C^) such that 
Ej^{f;cr2{'n)) does not converge uniformly on any compact K C C^/ 

Such families exist and can be easily given: one can consider for example the 
sequence 77 = {rij)^y-^ constructed with 

(1.4) 9j ~ — and Kj ~ 3 + sin(j) 

(Section [21 Corollary [3]) . This result also gives an effective way to get counterex- 
amples for the reciprocal sense of Theorem [5] (Section [5J Corollary 2]): there are 
sequences 77 — that are not locally interpolable by real-analytic curves and 

whose associate interpolation formula converges. 

Then we know that the action of the permutations can have a strong influence for 
the convergence of the associate interpolation formula. On the other hand, special 
sets like convergent sequences (resp. sets that are locally interpolable by real- 
analytic curves) stay inert under this action. This yields to the following question: 
a given family {rij}j~^-^^ whose associate interpolation formula EN[-;o(ri)) always 
converges under the action of any permutation cr, should be locally interpolable 
by real-analytical curves? The answer is affirmative, as specified by the following 
result whose proof is given in Section [H Subsection 13.41 

Theorem 3. The family rj = {rij}j>i is locally interpolable by real-analytic curves 
if and only if for all f £ O (C'^) and all a £ &t^, Ej\i{f; a{ri)) converges to f 
uniformly on any compact subset K CZ C'^ . 

First, this result finally gives an equivalent condition in terms of the validity of 
the convergence of this interpolation formula. In particular, one can see why this 
geometric condition is sufhcient but also too strong in general. 

Next, this is an equivalence between a geometric property of a given set and 
the validity of the convergence of its associate interpolation formula (ie in terms of 
functional approximation theory). 

Lastly, in its proof we use an intermediate result about the stability of E]\[{-;r]) 
by subsequences (Section [3l Proposition |4]). This result claims that, if a sequence 
V ~ i^j)j>i makes converge its associate interpolation formula and we take away 
a bounded subsequence whose density is at most fractional (ie, for all iV > 1, the 
number rjj^, from the subsequence with jk < N, is at most N/C where C > 1), then 
the remaining sequence still makes converge its associate interpolation formula. 
Notice that the condition that the subsequence is bounded is used in order to 
rigorously prove the proposition, but it may still be true in a more general case. 

Proposition [4] also comes from the motivation of the following question: if the 
formula E]\[{-;r]) is convergent, what about E]\[{-;r]'), where rj' is any given (infi- 
nite) subsequence of rj? A first answer would be affirmative because of the following 
intuitive argument: if EN{f; rf) can interpolate / in more lines than En' (/; 77') does 
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(where {ly-^ , . . . , rjj^, } = {771, . . . , tin} H 77') and moreover EM[f] rj) converges, then 
why should not EN{f: rj') too? Unfortunately this is not the case (Section[3l Corol- 
lary[5]) . One can give simple examples like the following one that is an application of 
Proposition[T] if we consider the above sequence from (jl.4p with its associate permu- 
tation (Ti (ie such that En{-; ai{rj)) converges), then the subsequence {v<7i(j^))k>i 
that will exactly get back the sequence {dk)k>ii '^iU make diverge its associate 
interpolation formula. 

Conversely, if consider the same sequence but this time with its associate per- 
mutation (72 (so that its associate interpolation formula does not converge), then 
the subsequence that will get back the sequence will make converge its 

associate interpolation formula. 

It follows that, as in the case of the permutation group, the action of taking 
subsequences can change everything, in one sense as in the other one. In fact, this 
stability by subsequences is a strong condition too, as specified by the following 
result that claims that it is an equivalent condition to the geometric criterion (|1.3p . 

Theorem 4. The sequence 77 = {'r]j)j>i locally interpolable by real-analytic curves 
if and only if, for all f £ O (C^) and all subsequence {'njk)k>i' associate in- 
terpolation formula Ejs 'ATljk)k>ij converges to f (uniformly on any compact 
subset). 

We finish this paper by giving some affirmative results for the case where the 
family 77 is dense. We remind that, in order to apply Theorem [TJ we need to assume 
that the family 77 is not dense. We already know that a dense set cannot be locally 
interpolable by real-analytic curves since its topological closure has nonempty in- 
terior (Section [21 Lemma [T]). It follows that, a dense sequence 77 being given, one 
has one of two things: either the associate interpolation formula i?Ar(-; 7;) does not 
converge; either it converges but then by Theorem [3] there is a permutation a G ©n 
such that Ej^{-; a{ri)) does not converge. Nevertheless this does not tell us if there 
ever exists a dense sequence whose associate interpolation formula converges. The 
answer is affirmative and is a consequence of the following result that is proved in 
Section m 

Theorem 5. Let 77 = o,ny dense sequence. Then there exists Uc G <3n 

(resp. Gd G ©N/) such that the interpolation formula En{-; adri)) converges (resp. 
En{'', (^dirj)) does not). 

In particular, one can deduce as an application the following result. 

Corollary 1. There exist dense sequences rj — {'rij)j>i whose associate interpola- 
tion formula EM{-\rj) converges (ie for all f £ O (C^), E]\i{f;ri) converges to f, 
uniformly on any compact subset). 

To finish this paper, we still do not have an equivalent analytic criterion for the 
case of a dense sequence. We just know that condition (|1.2p from Theorem 1 is 
always necessary. 

We think that an equivalent analytic criterion for a dense sequence should be 
the following: the interpolation formula E]\[{-;ri) converges if and only if {rij)^^^ 
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and both satisfy condition (|1.2p from Theorem 1 (see Remark 14 . 1 1 from 

Section U). 

I would hke to thank G. Henkin for having introduced me this interesting problem 
and J. Ortega-Cerda for all his guidance, rewarding ideas and discussions to progress 
in. 



2. The non-equivalence of the geometric criterion 

2.1. A special case of equivalence. We begin with the following lemma that 
will be usefull in the next subsection and Section |4l 

Lemma 1. The topological closure of a set that is locally interpolable by real- 
analytic curves, has empty interior. 

Proof. Assume that it is not the case. Then there are Co G C and Eq > such that 
-D(Co7eo) C {Vj}j>i- In particular, cannot be isolated. Since is locally 

interpolable by real-analytic curves, there are £ V (Co) and € O (V^o) such 
that, for all r]j G V, {rjj) = rfj. By reducing V(^„ if necessary, one can assume 
that Vi^g is open and V^^, C D(Co,eo)- In particular, for any subsequence (rijk)k>i 
that converges to Co with rjj^ 7^ Coi Vfc > 1 (such subsequences exist since Co is not 
isolated), one has for all k large enough (so that rjj^ e V^^) 



mk - Co Vjk - Co 9 iVjk ) - 5 (Co) ^ ^9 \ 



- Co - Co - Co dc 

In particular 

(71, ui, 

1 



= 1 then one has || (Co) = e*", 6* e K. Wc set 



Co + - I e ' 
V 



with p > Pa and po large enough such that Wp G Vi^„. Since {''i'p}p>pQ C C 
ivAjyii for aU p > Po, there is r]j^ £ {'nj}j>i such that rjj^ £ V^^ and 

1 
2^ 

Then (since in particular {rijp)p>pg converges to Co) 



\ Up P\ — r, 2 



l^(Co) = lim^^ = lim + 



9C Vip - Co u'p - Co + rijp 

-ze»«/Vp+0(l/p2) _ 



= hm 



and that is impossible. 



Now we prove the following result that claims that, in the particular case when 
i^j)j>i i^ convergent sequence, the geometric condition (|1.3p becomes necessary. 

Proposition 2. Assume that {rjj)^^^ is a convergent sequence and let be rjoo = 
limj^oo Tjj . If the interpolation formula En {-'Tri) converges, then {rij}j>i is locally 
interpolable by real-analytic curves. 
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Proof. First, the set {rij}j>i is bounded for being a convergent sequence in C. On 
the other hand, one has 



H}j>i = {'7oo}U {77j}j>i 



It follows that, for all Co G {Vj}j>ij either = Voo, either 3 jo > 1 such that 
Co — Vjo 7^ Voo- In the last case, r]jg is isolated and the assertion is obvious 
by choosing V^j.^ such that Vr,-^ n {??j}j>i = {Vjo} ^^"^ 5(0 = Vjo- So one can 
assume in the following that Co = i]oo- Our goal is to prove that satisfies 
condition (jl.Sp in a neighborhood of ?7oo- 

Since Epf{f; -q) converges on any compact subset and for all / G O (C^) , it follows 
by Theorem 1 that there is i?,, such that, Vp, q > 0, one has 



c 



in. 



'p+i. 



,1 + ICP 

In particular, one has for all p > 

(2.1) |Ap,(,^,...,,,)[C^(/.(C)](77p+i)| < 



where 



if : C — > 



C 



1 + ICP' 

Now consider for all TV > 1 the Lagrange interpolation polynomial of ip: 



N N 



LNim) E n 



We know (see for example Lemma 4 from 12 J that Ln{(p) can also be written as 



P=0 \j = l 



N-1 



= E n((C~'?°°)~('^i~'?°°)) I ^p,(';p:---.m)[C^'/'(C)]('7p+i) 
Since limj^oo Vj — Voo, there is po such that, 



Vj > Pa, \Vj -Voo\ < 
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Let heV = D{t]oo, l/(3i?r,))- For all iV > po and C e V, one has by ([2l]) 

Po-l P 

\LNi^m\ < E 11(1^1 + l^jl)I^P.('7p....,m)M('?P+i)| 
p=o j=l 

N / po P \ 

+E iidci+i^.i) n i\c-voo\+h-voo\)\\A, )M ivp+i)\ 

p=po \j=i j=po+i y 

Po-l / \p 

< E (l^-l + l/(3i?„) + ^maxj,7,|j 

^ / \ Po 

+ E ( l^-l + V(3i?.) + ^max^^ j (l/(3i?,) + l/lSi?,))^-^" 7?^+^ . 

P=PO ^ - - " / 

It follows that, ViV > Po, 

Po - 1 / \ p 

sup|LArM(C)| < E l^-l + l/(3i?,)+ max 



/ \ PO J> 

\\'noo\ + l/(3i?,) + max |r?,| ^ {2/if 



N 

Po 



then 

Po-l 



PO-i / s p 

sup sup|L^(^)(C)| < E 1^-1 + 1/(3^") + ,^?-^^ I'^^I M^' 
w>PoCev V i<j<po / 



3i?^«+Mhoc| + l/(3i?,)+ max |,7,| 

\ l<J<Po 



The sequence (Ljv(</?))^>2^ of polynomials is uniformly bounded on V. Then 
there is a subsequence (^Affc (</'));j>i that uniformly converges on any compact K C 
y to a function g that is holomorphic on V . 

On the other hand, one has for all rjj e y, 

g{r]j) = lim Lat, ((/?) (77^) = lim Lat, ((p) (77^) lira V3(?7j) = (p(?7j) , 

ie the (nonholomorphic) function (/s coincides with g on H {?7j}j>i. In particular, 
this yields to 

(2.2) W - '^'^^ 



On the other hand, since for all C € C, one has 

IC^(OI = YTW " 

and 

giVoo) = lim .g(ry,) = lim if (rjj) = ip{r]oo) 
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it follows that \r]oog (f^oo)! — Ivocf {Voc)\ < 1- Then there is an open subset U d V 
such that rjoo ^ U (then [/ e V (?7oo), ie J7 is a neighborhood of 7700) and VC G C/, 
IC5(C)I < 1- This allows us to define the following function by 

g : U — > <C 

.9(0 



C ^ 



1-C5(C)' 

that is well-defined, holomorphic and satisfies by ()2.2p . 

ie the set {ilj}j>i is locally interpolable by real-analytic curves. 



V 



Remark 2.1. Although it will not be usefuU in the following, the assertion is still 
true if we assume that limj_i.oo Vj ^ 00. Indeed, by using the following honiographic 
transformation (that is holomorphic from C to C) 



uz + 1 



(where u ^ {^j}j>i )) and applying Lemma 12 from '12^, the conclusion is the 
following: there is g G O (Vq), where Vq S V(0) is a neighborhood of 0, such that 
g{0) — and, for all rjj such that l/rjj G Vq, one has 

_ _ 1 



Remark 2.2. In particular, we see from the proof that the only control of Ap (C/(l + |CI 
(ie condition (|1.2I) with q = 1) is sufficient to prove the assertion. It follows that, 
given any convergent sequence i'rij)j>i that is not real-analytically interpolated, 
there is a subsequence (pfe)j,>x such that, for all fc > 1, one has 



(2.3) 



^Pfe,(')pfc,')pfc-l:---,'7pi) 



c 



1 + ICI^ 



> kP" 



As a consequence, we have a constructive way to get a class of families of complex 
lines rj = {'7j"}j>]^ whose associate interpolation formula Ej^(-] rj) does not converge: 
any convergent sequence that is not locally interpolable by real-analytic curves. The 
following result gives an explicit example of such families. 

Corollary 2. Let consider any sequence [ilj) -^i C M U iM, such that, VJ > 1, 
3 ji > J (resp. j2 > J), Vji G K \ *IR (resp. rjj^ G iM. \ For example, 



- , J > 1 • 

3 



Then the associate interpolation formula EN{-]r]) does not converge, ie there 
exists (at least) one function f E O (C^) such that Eisi{f\r]) does not converge 
(uniformly in any compact K C C^j. 



10 



AMADEO IRIGOYEN 



Proof. Assume that it is not the case, ic the interpolation formula En{-', fj) is conver- 
gent. It follows by Proposition[2]that this set is locally interpolable by real-analytic 
curves. Since limj^oo rjj = 0, there are V € V(0) and g € 0{V) such that, for all 
j > 1 large enough, 

In particular, for all j even and large enough, one has 



aivj) = — - — = — ^ — = Vj. 

ie the functions g and C, (that are both holomorphic on V) coincide on a sequence 
whose limit point belongs to V . It follows by the Uniqueness Principle that g{C,) = (, 

Similarly, for all j odd and large enough, one has 



,(_l)(j-l)/2 i(-l)0-l)/2 

9iv,)- 

then g{C,) ~ VC G V". It follows that C, — — C, VC € V^, and this is impossible. 



2.2. A counterexample. In this part we deal with the following example of a 
sequence {'rij)j>i C [0, 1] -I- i[0, 1], that is not locally interpolable by real-analytic 
curves and whose interpolation formula (• ; 77) converges. It follows that the 
geometric condition (|1.3p is not necessary then the assertion from Theorem [2] is not 
reciprocal. 

The idea is the following: we define a sequence of points of the square such that 
the mutual distance will tend to zero but in the slowest possible way. We begin 
with ryi = 0, ?72 = 1, 773 = 1 + i, r/4 = i. We find the maximal number of points in 
the square whose mutual distance is not smaller than 1. When it is not possible 
any more we add the maximal number of points whose mutual distance will be at 
least 1/2, then 775 = 1/2, rje = i/2, 7^7 = (1 -|- i)/2, ryg = 1 + i/2, ryg = 1/2 -I- i. 

More generally, by induction on r > 0, we choose the maximal number of points 
whose mutual distance is at least 1/2''. This number is asymptotically 2^^: this 
comes from the fact that the logarithm of the e-entropy of the square (that is defined 
as the minimal number of balls of radius < e to cover it) is of order 21n(l/£) (see 
for example |15|). 

For all r > 0, let Ar be an l/2'"-net of the square, ie the set of the points that 
are at least at a distance of 1/2*" from each other. These points can be explicited 
and one has 

Ar - |^,0<.,t<2'-| , 

whose cardinal is (1 -I- 2'')^. Moreover, one has the sequence of inclusions Aq C 
Ai C ■ ■ ■ C Ar C ■ ■ • and the sequence 77 — i'>]j)j^^ will be defined by induction on 
r > to get 

r>0 
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that will be dense in the whole square [0, 1] + i[0, 1]. 

Notice that it is not important to specify in which sense we define the ijj 's that 
belong to Ar \ Ar-i- However it is fundamental between Ar-i and Ar in the 
meaning that, if ijj^ S Ar-i and rjj^ £ Ar\ Ar-i, then one must have ji < j2. 
Equivalently, for all r > 0, the first (2'" + 1)^ points r/j's belong to Ar- 

Now we can give the following result as claimed in Introduction. 

Proposition 3. The sequence is not locally interpolahle by real-analytic 

curves since its topological closure has nonempty interior. Nevertheless, it makes 
converge its associate interpolation formula En{-; vj), ie for all f G O (C?) , EN{f; rj) 
converges to f uniformly on any compact K cC^. 



Before giving the proof of this result, we need to prove the following lemmas. 
Since we want to estimate the operator Aj,, we begin with an auxiliary result about 
it. 

Lemma 2. Let {6j}j>i be any set of different points and h any function defined 
on them. Then for all p>0, one has 



g=i nj=i,j/q i^g - 

Proof. We will prove this result by induction on p> 0. For p = 0, one has 
Ao,0W(0i) = h{9,) = — A^ll— . 

Now assume that it is true for p > and consider Ap+i . One has 
\+i„{ep+i,...,ei)[h] {Op+2) = 

\,^0^,...,0,)[h] (gp+2) - Ap,(e^,...,e^)[/i] {Op+i) 

Op+2 — Op+i 

y hjOq) I 1 1 ^ 



h{9p+2) , 1 hiOp^ 



1 



Op+2 - Op+l 11^=1 - ^3 ) ^P+1 - 11^=1 (^P+l ~ ^j ) 

^ {dq - 0p+l){6q - 9p+2) nj=l,j>tg(^9 " ^ j) 



- 9p+2) n -=1(^^+1 - Oj) {Op+2 - 6p+r) n •=i(^p+2 - 6j) 

h{9q) 



and the induction is achieved. 



The following lemma is an low-estimate of the products that appear on the new 
expression of Ap. 
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Lemma 3. There is prj > 2 such that, for all p > p-q and all q — 1, . . . ,p + 1, one 

has 



P+1 



(2.4) 



n IVq-Vjl > exp(-16p). 

J = 1:J7^9 



Proof. Since p > 2, there exists r > (and only one) such that 



(2.5) 



1 + 2'- 



r\2 



< p+1 < (1 + 2'^) 



In particular, the mutual distance of all the points 77^, j = 1, . . . ,p + 1, is at least 
1/2'' (since by construction, the first p+1 points rjj belong to Ar)- 

Now let be q = 1, . . . ,p + 1. There are at most 8 points r/j such that 1/2'' < 
\Vq ~ Vj\ < 2/2'". Analogously, there are at most 16 points rjj such that 2/2'' < 
\riq — rjjl < 3/2''. By induction on A; > 1, if M(k) is the number of the points rjj 
such that k/2^ < \iiq — rjj\ < (k + l)/2^, with k — 1, . . . , 2'', then one has 

(2.6) Af{k) < 2x (2fc+l) + 2x (2/c-l) = 8/c 

(these points are in the boundary of the square of center rjq and whose lenght of 
the side is 2fc/2''). It follows that 



P+1 

i=i 



n \vq-vj\ n \vq-vj\--- 

l/2'-<|))j-r;5|<2/2'- 2/2'- < |r;j -r;, | <3/2'- 

n \Vq-V3\ n 

(2'--l)/2'-<|jjj-)),|<2'-/2'- 2'-/2'-<|jjj-jj,|<(2'- + l)/2'- 

n \Vq~Vj\ 
|,,,-r,,|>(2'- + l)/2'- 



> 



1 

exp 



A/'(l) 



A/-(2) 



X 1 



^AA(fc)ln 



.fc=i 



Since fc/2'' < 1, V fc = 1, . . . , 2^ one has by ([^ 

2'' / , X 2'' 



yAA(fc)lnfA^ < ysunf-] ^ 2'^+'x-y-\n-. 
^ w 1 y - ^ 1 2r / 2'' ^ 2'' 2'' 

fc=l ^ ^ fc=l ^ ^ k=l 

The last expression is the Riemann's sum of the continuous function t G [0, 1] i— )• 
t In t and whose integral is 



tlntdt 



\t\ 1 




— Int 




2 


"'0 



/o 2 



1 



It follows that 



P+1 



n > exp[22''+3(_i/4 + £(i/^))] 

J = l J't^? 



with e(l/r) 



l/r-*0 



-+ 0. 
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On the other hand, one has by (|2.5|) 

> 22'-2 + 2'' > , 

f - - 4 

then 

P+i 

[] |%-r;,| > exp[8x4p(-l/4 + e(l/p))] - exph8p(l + e(l/p))] 

(e(l/r) = since r — > cx) if and only if p — >■ c«). 

It follows that, for all p > p,,, one has < 1 then for all g = 1, . . . ,p + 1, 

P+i 

n IVq-Vjl > exp(-16p), 
and the proof of the lemma is achieved. 

V 

Then we prove the following result before giving the proof of Proposition [3l 
Lemma 4. Let h be any function defined on the set {?7j}j>i and that is bounded: 

\\h\\oo := sup\h{rij)\ < +oo . 

Then there is Rr/ such that, for all p > 0, 
Proof. Let be p > 0. One has by Lemma [2] 

('7p+i)| < : ^ — '■^t-ri+i I ; 

q=l Uj = l,j=iq \Vq ^ Vj\ mmi<g<p+l 11^ = 1 \Vq " Vj\ 

If p < — 1 , then 

|Ap,(,,p,...^,,i)[/i] (?7p+i)| < C^||ft.||oo , 



where 



mini<p<p,, immi<q<p+i Yfjtlj^q \Vq - Vj 
Otherwise p> p,j ( > 2) then one has by Lemma [3] 



niin TT |?7<?-'7j| > l/exp(16p) 

l<q<p+l 

thus 

\^P,(vp,--:m)l^]iVp+i)\ < b+ l)||/i|looexp(16p) < exp(p)||/i|loo exp(16p) 

= ||/i||ooexp(17p) . 

It follows that, for all p > 0, one has 

|Ap,(^^,...^^,)[/i](?7p+i)| < (l + C^)||/i||ooexp(17p) < ||/i||oci?^, 

where Rrj := (1 + C,,)e-^'' (for p — 0, one just has \Aa{h) {rji)\ — \h {r]i)\ < \\h\\oo) 
and the proof is achieved. 
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Remark 2.3. Notice that we do not need to assume any kind of regularity for 
the function h else it is bounded on the set {?7j"}j">i- In particular, h can be 
discontinuous and have a very bad behavior on {r]j}j>i \ {?7j}j>i- 

Now we can give the proof of Proposition [3l 

Proof. The set {?yj }j>]^ is not locally interpolable by real-analytic curves, otherwise 
by Lemma [T] its topological closure would have empty interior. On the other hand, 
since it is bounded, in order to prove that Eff{-; rf) converges, it is sufficient to show 
that the sequence i'rij)j>i satisfies condition (II. 2p from Theorem [T] For all q > 0, 

c 



one has with the choice of h{() 

c 



ICP 



< 



1 + lCP 



< 



< 1 



(in particular h is bounded on C). It follows by Lemma|3]that, for all p, q>0, one 
has 



A 



c 



1 + 



< 



c 



1 + lCl^ 



xRP < RP < RP+'i , 



ie {rij)^>i satisfies condition (|1.2p from Theorem[T] 



V 



3. The action of the permutations of the lines (resp. subfamilies of 
lines): an equivalent condition 

Now we deal with the problem of the action of the permutation group ©n 
for the convergence of the interpolation formula that is associate to the sequence 
r] ~ {t]j)j>i- Although it is not specified, in the whole paper, &^ will mean the 
permutation group of N \ {0} since all the considered sequences 77 = {Vj)j>i begin 
at j = 1. As said in Introduction, we will see that, for certain families, there are 
permutations that can change the validity of this convergence. That is why we can- 
not consider any more families of complex lines only as sets else also the different 
sequences that come from such a fixed family. 

We remind that, a sequence rj = {r]j)jy^^ and a permutation a G ©n being given, 
the sequence <7{r]) is defined as 

It is obvious that, if a only changes a finite number of lines, it will not change 
the convergence of their associate formulas (since -Eat (■;??) is symmetric on the TV 
first lines 77^, j = 1, . . . , N). But what will happen if it changes an infinite number 
of them? 



GEOMETRIC CONDITIONS FOR INTERPOLATION FORMULA 



15 



3.1. The action of the permutations can change everything, hi tliis part we 
will give the proof of Proposition[l]that we claimed in Introduction. We remind that 
there are two sequences of all different points such that (Oj) -^^ (resp. (nj) is a 
bounded sequence whose interpolation formula En{-;0) (resp. En{-;k)) does not 
converge (resp. converges) and dist |{^'j}j>i , {^j}j>i| > 0- Finally, the sequence 
iTjj)j>i is defined as r/j = 9j/2 (resp. K(j+i)/2) if j is even (resp. odd). 

Since both sequences are bounded, so is ry = {Vj)j>i: ^nd also airf) — {Vcr{j))j^iJ 
for all a £ (Spj- It follows by Theorem [T] that its associate interpolation formula will 
converge if and only if a{rj) satisfies condition (|1.2p from Theorem [TJ The proof 
of the proposition will be a consequence of both following lemmas. The first one 
(resp. the second one) will give the existence of a permutation ai (resp. a2) such 
that the interpolation formula En{-', cri^rj)) converges (resp. En{-', cr2{'ri)) does not 
converge) . 

The essential idea will be the following: the permutation ai will privilege the 
sequence in the meaning that it will take a lot of them, so that {rjj)^^^ 

will have the same behavior as in terms of convergence of their associate 

interpolation formulas. Similarly, CT2 will take a lot of 9j^s so that the sequence 
(T2(?7) will make diverge its associate interpolation formula. 



Lemma 5. There is ai € ©n such that the sequence o'i{ri) satisfies condition 
from Theorem]^ 

Proof. First, one has for all fc > and / > 1 (see [12], Lemma 3), 

q' 



c 



1 + ICI^ 



h+i) 



^k,{0t,...Si_) 



w 1-^ A 



;,(k!,...,Ki) 



1 + 



^k+i 



Since {kj)-^^ satisfies condition (|1.2p . there is ii^ > 1 such that, for all l,q> 0, 



one has 
(3.1) 

Now we set 
(3.2) 



A 



1 + ICP 



(«'/+l) 



:= min{2, dist({6'j}j>i,{Kj}j>i)} , 
and we claim that, for all q > 0, ^ > 1 and w E {9j} .y^, one has 



(3.3) 



■^1,{kI,. ..,Kl) 



c 



1 + ICP 



iw) 



< 



\de.K, 



l+q 



Since for g = it is always true with any I > 1 and w S C (it will give 0), one can 
assume that q > 1. We prove this inequality by induction on I > 1. For I — 1, one 
has, for all g > 1 and w £ 
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since, for all ( e C, |C/(1 + |CP)| < 1- 

Now if we assume that it is true for Z > 1, for all g > 1 and all w G {^j}j>i: one 
has induction hypothesis, p.ip and p.2p 



A 



Z + l,(Ki + l,...,Ki) 



c 



1 + ICI^ 



< 



A 



1,{ki....,ki) 



A 



('^i+i) 



and this proves (|3.3p for ^ + 1, all g > 1 and all w G 
Now we define, for all A: > 1 and all w G {(^j}j>k+i' 



(3.4) 0fe(w) niin < 1 , 



mm w 

i<j<fc 



min 10,- — 0j 

l<i<j<k 



> 



(for fc = 0, we agree that (polw) :— 1, Vw G {^'j}j>i)- In particular, one has for all 
A: > 1 and u; G {6'j}^>fe+i, 

(3.5) (f>k{w) < mm {\w - 9k\ , <i)k-iiw) , (f>k-i {0k)} ■ 

Then we claim that, for all k,l,q> and all w G {0j}j>k+i^ "-"'^"^ '^^^ 

q' 



(3.6) 



A 



fc+i,(efc,...,ei,Ki,...,Ki) 



C 



1 + lCP 



< 



2 \''/2i?K^'+' 



0fe(t«) 



We prove this inequality by induction on fc > 0. For fc = 0, it is a consequence 
of p.3p . Now if fc > 1 , one has by induction and p.Sp 



^fc+;,(efc,...,6»i,Ki,...,Ki) 



c 



1 + ICP 



< 



^fc+i-i,(efc_i,...,ei,Ki,...,Ki) 



(«;) 



C 



< 



(^) 



ife+;-i,(efc_i,...,ei,K,,...,Ki) 



< 2 



/OR 1 

fc_i / 2/i:«; \ i 



1 



1 



< 2 



\w ~ 0k\\<i>k-i(wf-^ <t>k-i{ekf-^ 

2 



de.K/ 4>k{w) (j)k{w) 



k-l 



' /2i?« 



(pkiw) J \de. 

and this proves (13. 6p for fc, for all l,q > and all w G {^j}j>fe+i- In particular, it 
follows that, for all fc, / , g > 0, 



(3.7) 



A 



k+l,' 



,9l,Ki,...,Kl) 



c 



1 + ICI^ 



< 



•Pki^k+i) J \de.K. 



l+q 
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Now for all fc > 0, we define Ik the smallest integer I > 1 such that 

df)_K 



In 



(3.8) 



I > k max < 1 



In 2 



and such that the sequence (^A:)fe>o is increasing. It follows that, for all k,q > 
and I >lk, one has 



4>k{0k+l) 



then 



/or \^ /or \ 

_ 2k+l+q I 1 / 1 ^ ok 



> T 



1 X'' /2i?«^ 



l+q 



,4>kiOk+l) J \dg^^ 

thus with (j3.7p this inequality yields to 



(3.9) 

where 
(3.10) 



A 



fc+i,(efc,...,6»i,K,,...,Ki) 



C 



1 + ICI^ 



fe+1. 



< r: 



k+l+q 



Re,K. 



iR. 



Now we will construct the permutation ai as follows: for all j = 1, . . 
r]a-i(j) '■— Hj and for all fc > 1, we set 



, /i, we set 



(3.11) 



Ok ii j ^ Ik + k , 

K.^k a j = Ik + k + 1, . . . , Ik+i + k . 



Notice that all the 6'j's are reached exactly once by the sequence {rj„^ 



On 



the other hand, for all fc > 1, one has Zfc + fc+1 < Ik+i + k since {lk)k>i increasing 
(then there is at least one Kj between Z^ + fc+l and Zfe+i + fc) and by construction, all 
the Kj's are reached for j = + fc + 1, . . . , Ik+i + k. Finally, since ilcri(i^^i+k) = i^ik+i 
and rycri(jt,+i+(fe+i)+i) = f^ik+i+ii one can deduce by induction on fc > 1 that all the 
Kj's are reached (and exactly once) by the sequence {ilaiU)) j^i- This proves that 
<Ji is a permutation. 

To finish the proof, we just need to prove that the sequence 0-1(77) satisfies the 
condition (|1.2p from Theorem [1] with Rg^^. First, for all p = 1, . . . ,Zi — 1 and all 
g > 0, one has by p.ip 



,')<,i(i) 1 



c 



1 + ICP 



< 



^P,(Kp,...,Kl) 



c 
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since by p.2p and p.lOp one has Rg,K, > Rk (and the inequality is obvious for 
p — and q > 0). Otherwise, one has p + 1 > h + 1 then there is /c > 1 such that 
Ik + k < p + 1 < Ik+i — k. By (13.91) and Lemma 7 from [T^, it follows that one has 



A 



p,('?<Ti(p),---,'j^i(i)) 



c 



1 



ICP 
A, 



"i,^p-fc+i,---,^ij 



1 + ICI^ 



(Since p 



l>lk> h-i] 



Now we will prove the second part of Proposition [T] there is (T2 G 6n such that 
the interpolation formula i?Ar(-; (72(77)) does not converge. 

Lemma 6. There is 02 G ©n smc/i that the sequence (J2iv) does not satisfies con- 
dition from Theorem{J\ 

Proof. We begin with considering the bounded sequence 9. Since its associate 
interpolation formula En{-;9) does not converge, it follows by Theorem [T] that 9 
does not satisfies the criterion (|1.2p . ie for all r > 1 there are Pr,qr > 1 (that one 
can choose such that the sequence {pr + qr)r>i is increasing) that satisfy: 



(3.12) 







_(i + icp) 


(^'pr + l) 



We fix Pi and we define the new sequence 



Then one still has 
A 



Pi,(<', 



(1) 



1 + ICP 



I, . . . ,9p^,9p^+i, Ki,9p^+2, ■ ■ ■) 



^pi,(epi, 

> iPl+Ql 



1 + ICP 



^Pl+lj 



Now assume having constructed for all n > 1 the sequence 6''^"^ such that: 

• ^{0j}j>l[j{^l,...,Kn}; 

^ ■< J j>l 

• there aie pi,p2, ■ ■ ■ ,Pn > 1 and gi, 92, • ■ • , (?n > 1 such that, for all r 
1, . . . , n, one has pr > Pr-i + 2 and 

q' 



c 



> 



^Pr + gr 



• For all = 1, . 



g(n) 



3("-l) 



This assertion will be proved by induction on n > 1 (the case n = 1 has already 
been proved above). The sequence 0*^"-' is such that its associate interpolation 
formula does not converge. Indeed, assume that it is not the case. 

Then by Corollary [5] (whose proof will be given in the next Section) , the new 
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sequence 9 that is 0^"-* minus the points ki, . . . , k„, would stiU make converge its 
associate interpolation formula. But it is impossible since this new sequence 9 is 
exactly 9 whose associate interpolation formula does not converge. 

It follows that there are an infinite number of r > n + 1 for which there are 
p'r,q'r that satisfy p.l2p with the sequence 9^"-\ Then exactly one of two things 
can happen. 

(1) The set {p'r}r>n+i finite then let be 

Pmax max<^pi,...,p„, max 

1^ r>n+l 

And for all r > n + 1, we set qr to be this q'^. Then we define (72 as follows: 

r 9^^ if 1 < J < p,na.. + 1 , 

(3.13) -q^^Q) := < 6'(j+p„„,)/2-ri+i if J ^ Pmax 

+ 2 and j — Pmax is even, 
l'^0-p™ax-i)/2+n if j > Pmax + 2 and j - p„^ax is odd. 

Then (T2 is a permutation since all the 9j^s (resp. Kj's) are reached exactly 
once: all the Pmax — n + 1 first 9j 's (resp. n first Kj 's) are already reached by 
the Pmax + ^ first rjrrzij)! and the remaining 9j's (resp. Kj's) irom pmax — n+2 
(resp. are reached by the f^o-aO) from Pmax + 2 (resp. Pmax + 3). 

On the other hand, one has by construction 'r]a2(j) — ^j"^ f*-*^ J — 
Pmax + 1- By induction hypothesis and by (I3.12p . it follows that, for all 
r > 1, there are Pr-, qr (with pr < Pmax and qr being the associate q^)) such 
that 



A 



■■')-'2(l)J 



c 



1 + lCP 



1 + ICP 



'pr + 1 



ie the (bounded) sequence tT2 {f]) does not satisfy condition (|1.2p from The- 
orem [1] It follows that the associate interpolation formula {■ -,(72 (rj)) 
does not converge and the lemma is already proved. 



(2) Otherwise, the set {Pr}r>n+i i^ infinite. Then one can choose pj, large 

enough so that p' > _Pn + 2 and . . . , k„| C | 6* -"^ I . We set 

L J i<j<p;,-i 

(resp. qn+i) to be this pj, (resp. g'.) and one still has (since r > n+l) 



c 



1 + ICP 



)(") 



1+1 



> (n + l)P"+i+«"+i 



Then we can define the sequence (6'$"^^'' ) as follows: 

V ^ Jj>i 



lin+l) _ 



ifj<P„+l + l, 
Hn+l if j = Pn+1 + 2 , 

?l"\ifj>Pn+i + 3. 
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Since 
1, 



(n+l) 



= 1, . . . ,p„+i + l, one still has, for all r = 1, . . . ,n- 

c 



V + 1 



Next, one has by construction 

This finally proves the induction for n+l. 

The conclusion is following: cither there exists n > 1 such that the first case 
happens and the proof is achieved; either one can construct by induction on ?i > 1 
a sequence of sequences 



j 



n>l 



that satisfy the above conditions. This allows us to define (72 by the diagonal 
sequence of the 0*^")'s: for all j > 1, let rij be the smallest n > 1 such that 
J ^ Pti + 1 (such an n exists since p„ — > oo as n — )■ cxd). We set 



(notice that one still has 77, 



'<^2 U) 



g(n) 



gin 3) 



9) , for all n > n,). Then (T2 is a permutation: 



indeed, all the reached by the 77^2^+2); on the other hand, all the 9j's are 

reached by the »ycr2(s), + 3 < s < Pn+i + 3, n > 1 (by construction, 6*^"+! = 



finally, the 



, + l-n+l — C'p„_„+2 and 6'p"+3'' — ^p"V3-l — ^p"+2 — ^'p,.-n+3j; 

condition p„+i > Pn + 2 makes sure that at least one of following 9j^s is reached 
between + 3 and Pn+i + 1- 

Finally, for all r > 1, there are pr and qr such that 



c 



1 + ICP 



A 



{v. 



'<T2iPr + l)j 



1 + ICI^ 



> j-P.+lr- 



ie the (bounded) sequence (72(1]) does not satisfy condition (jl.2p from Theorem [T] 
It follows that its associate interpolation formula does not converge and the lemma 
is proved. 

V 

As a consequence, we get the following example that we mentioned in Introduc- 
tion. 

Corollary 3. The choice of {9j) and [nj) y^, where 



= 3 + sin(j), 
satisfies the conditions of Proposition d 



Vj > 1 
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It follows that, if rj ~ {'nj)j>i l-^^ associate defined sequence, then there is ui 
(resp. 1J2) such that the formula En {■', cri{ri)) converges (resp. i?jv(-; <''2(?/)) does 
not). 

Proof. First, we know from Corollary [5] that {dj)jyi is a convergent sequence that 
is not locally interpolable by real-analytic curves. It follows that its associate 
interpolation formula does not converge. 

Second, the set is bounded and locally interpolable by real-analytic 

curves since it is a bounded subset of M. It follows by Theorem [2] that the sequence 
(^i)j>i makes converge its associate interpolation formula. 

Next, all the different since tt is not rational (and so are the 0j's). 

Finally, for all j,k > 1, one has 

\Oj-Kk\ > \Kk\~\dj\ > (3-l)-l = 1 > 0. 

V 

We also deduce as another application a class of counterexamples for the recip- 
rocal sense of Theorem [2] 

Corollary 4. All these examples ofaiiji) are sets that are not locally interpolable by 
real- analytical curves since is even not. Nevertheless, all of their associate 

interpolation formula En(-] (71(77)) converge. 



3.2. On the problem of the subsequences of {rij)jy^: a first result. In this 
part we deal with the problem of the stability by subsequences for the convergence 
of En{-; rj). As said in Introduction, the action of taking subsequences can change 
everything. As an application of Corollary|3l the sequence 6 can be taken back from 
the sequence cri{r]) whose interpolation formula converges. Similarly, the sequence 
K can be taken back from the sequence (72 (77) whose interpolation formula does not 
converge. This yields to the following result. 

Corollary 5. There are sequences rjc = (^|)j>i such that: 

• the associate interpolation formula En (■] rjc) converges; 

• there is a subsequence rj'^ = {Vj^) /.^^ whose interpolation formula En{-; rj'^) 
does not converge. 

Similarly, there are sequences rjd — iVj) such that: 

• the associate interpolation formula En {-^rjd) does not converge; 

• there is a subsequence rj'^ — {Vj^.) ^.yi whose interpolation formula En{-; rj'^) 
converges. " 

Now that we know that generally there is no link between the validity of the 
convergence of i?jv('; a-nd the one of any given subsequence, the following problem 
is to find conditions for the stability of the convergence of En{-] rf) by subsequences. 
This yields to the principal result of the next part. 
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3.3. A sufficient criterion for the stability of the convergence by subse- 
quences. As claimed in hitroduction, we give here the proof of the following result 
that will be usefull in order to prove Theorems [3] and SI 

Proposition 4. Let rj — (jyj)^^^ sequence such that its associate interpolation 
formula converges, also uniformly on any compact subset of holomorphic functions. 

On the other hand, let r]' :— {rjj^)^^^ be any subsequence that satisfies the fol- 
lowing conditions: 

• h'lloo := sup,>i |?7jJ < +00. 

• There are C, D > such that, for all N > 1, one has 



l{v{N)\v'} = {v{N)\{v,A,>,} > 



where ri{N) := {r/i,7]2, . . . , W-i- w}- 
Then the new sequence ri\ri' = {rij)j>i \ iVja)s>i (whose indexing is the natural 
one) still makes converge its associate interpolation formula. 

Remark 3.1. In the statement we assume a little bit more than the simple conver- 
gence of Eiq{f; •), / by /, else a uniform convergence on any compact subset of 
holomorphic functions (ie on closed subsets K, d O (C^) such that, for all compact 
subset C C^, one has 

sup sup 1/(2:)! < +00 ). 

Nevertheless, it is still a legitimate condition since, in case of convergence of 
Ej\j(f,ri) to /, we get in addition a uniform convergence on compact subsets of 
entire functions: for all compact subsets JC C O (C^) and if C C^, one has 

(3.14) sup sup|S^(/;r;)(z)-/(z)| > 

feic zeK N~>-oo 

(see for example Corollary [5] from Section U] below and also in [T^ the proofs of the 
above Theorems [T] and [2] given in Introduction). 

Before giving the proof of this proposition, we need both preliminar results. 
First, we remind the following one, whose proof is given in [12 , and that gives an 
equivalence between the convergence of i?Ar (•;??) and the one of another analogous 
formula i?Ar(-; ??). 

Lemma 7. The sequence rj = {Vj)j>i being given, one has, for any f £ O {C^) , 
for all N >1 and zgC^, 

f{z) = EN{f;ii){z)-RNU:v){z)+ aM%'4: 

k+l>N 

where f{z) = X!fc+;>o '^fe.i-^i -^2 ^■s Taylor expansion and 

N / N \ / , X k+l-N+l 

Since the remaining sum X]fc+i>Ar ^^2 ol'ways converges to uniformly on 

any compact (also uniformly on any compact of entire functions), it follows that 
E^lf-jT]) converges to f uniformly on any compact subset, if and only if so does 

RN{f;v) toO. 
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Now we can give the proof of the second prehminar result that will be usefuU in 
order to prove Proposition H) 



Lemma 8. Let be rj ^ ('7j)j>i ^"-'^ / ^ O (C^). Then for all N > 1 and z G C^, 
one has 

N 

k+l-N+1 



k+l>N 



1 



Ek+i>Nik + l-N+l)akjC' 



k ( Z2 + C,Zl 

1 + ICP 



dCAdC 



where f{z) = X^fc j>o '^'^.'^i -^2 "^^ Taylor expansion of f . 

Proof. Let be k+l > N and z G such that 22 7^ and ^1/2:2 7^ '7^, V j = 1, . . . , N. 
For all R > \z\l Z2\, maxi<j<jv |?7j|, one has by the Cauchy-Green-Pompeiu formula 

icN«.nf=i(c-%-)C-v-2 1 i + icp J 



W N 



Vp - Vj 



It follows that 

N N 

E n 



Y[{zi/Z2-Vj)7^ I ^ 



1 + ??p /Z2 



fc+i-Af+1 



(c-^iA2)nL(c-r?,) V i + ici 



1 + C^i/2;2 



dCAdC- 



, X k+l-N+1 

zi - r]jZ2 \ k I ^2 + VpZi 



rip - Vj 



,k+l 



N N 

E n 

N 



Z1/Z2 - Vj \ k ( l + VpZl/z2 

^k 



k+l-N+1 



_Cfl/f2\ 



f4 - 4- n(=,/., - ns;« - c - V 1 + ici w 



k+l-N+1 



dC 



+ 4+' 



ici<i?. (C - 2:1/^2) 11^=1 (C - Vj) 
/I 

X (/c + Z-iV + l) 



-6-1 /Ci-i 



1 + icp ; 



1 + Czi/Z2 



1 + CC 

Cfl/f2\ 



dCAdC 



A, , 1 /■ jk + l- N + lX" fz2 + Czi 



fe+(-Af+l 



L(c-'7.) Vi + ici 



dCAdC 

(1 + icpy 
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Since 
degx 



1 + Xzi/Z2 



one can consider the limit as -R — ^ +oo, then 



< k- N -{k + l- N + 1) < -1 



JV N 

E n 



\ / I — \ k+l-N+l 



N 



1 



(A; + /--V + l)(,*^ f z2 + Czi 
1 + ICP 



J. / T \ k+l-N - ^ , . 



On the other hand, this equahty is true for all fixed z e such that ^2 / and 
Zi/z2 rij,y j = 1, . . . ,N. By continuity, it can be extended for all z gC^. 

In order to prove the lemma, we want to justify the switch between series and 
integral. Since there is no difficulty to prove it for the part of the integral with 
bounded one can assume that \(\ > R, where R will be large enough. Let C C 
be a compact subset. By the Cauchy-Schwarz inequality, one has for all z £ K and 
CeC, 



(i + ICIT" 



Z2 + (Zl 



< \M^M < i\zu, 



where 
(3.15) 
and 
(3.16) 



:= ^J\z,f + \z,f 



z K 



sup \\z\\ 



On the other hand, if we analogously define 



(3.17) 



sup 1/(^1, 2:2)1 

\Z1\,\Z2\<R 



then one also has by the Cauchy inequalities, for all k,l >0 and R> 0, 



(3.18) 

It follows that, for all |C| > 1, 

{k + l-N + l)\ak,iC'' 

k+l>N 



\akj\ < 



\f\\ 



Z2 + Czi 



1 + ICP 



k+l-N 



< 
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< {k + l-N + l)\ak,iC^\ [ 

k+l>N \ 



Z K 



< 



\\4k 
\\4k 



N 



k+l 



Z\ K 



k+l>N 



N 



WIWr 



< \\f\\B. 

< ll/b. 

< \\f\\R 





-ICP 


Ik 


K 




-ICP 


Ik 


K 




-ICP 


Ik 


K 



m>N 
N 



^ (m + 1) 



^IklCI 



Eici'^ 



fc=0 



m>N 



N 



\\4k 



^(^ + l)^(MiL) <||;| 



N 



m>N 



\z\\k 



E 

m>A' 



E ^ < 2||/lk. 



N 



for i? > Rk := SII^IIk. Then for all 



R > max ( Rk, 1 + j^J?.^^ I'7il ) > 



one has 



{k + l- N + l)\ak,iC'' 



Z2 + (Zi 



1 + ICl^ 



k+l-N 



< 



2II/II 



27T pOO 

d9 



(1 + r) 



(1 + lCP)^ 



2rdr 



It follows that one can write, for all 2; G C^, 



< 



< +00 , 



RN{f;v){z) = E 



A 

En 



= E °-k,iZiZ2 - W_{zi-rijZ2) X 

k+l>N j=l 



fc+i-A+l 



A 



fc+i-A+1 



2i7r 

and the lemma is proved 



nL(c-^,) 



(i + ICP)' 
V 



Now we can give the proof of Proposition 01 
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Proof. Let be 77 = (77i)j>i, = (V]s)s>i and f{z) = Efe,/>o a^.'^i 4 ^ C(C2). 
We want to prove that i?Ar(/;7y \ 77') converges to as iV — > 00, uniformly on any 
compact subset. The idea of the proof is to apply the hypothesis of the convergence 
of Rn{'', v) to a holomorphic family that is associate to / and defined below. 

First, for all m > 0, we consider Sm > 1 such that js^ < m < js^+i and we 
define the following homogeneous sum in z = (zi, Z2): 

If < m < ji then we set Sm ■— and the above sum is just J2k+i=m afej^^Zj. We 
define the following family of holomorphic functions: 

(3.19) fv',qiz) ■= Yli^i - VjsZ-z) ak,izlz2, 

s—1 k-\-l>q—Sq 

for all g > 0. 

Now we claim that the family {/>)', q}q>o is relatively compact in O (C^). Since 
fri',0 = /; one can assume that q> I. Let if C be any compact subset. For all 
R > \\z\\k, one has by ^J^, PTT)) and (IXTS)) from LemmaE] 



s—1 k-\-l>q — Sq s—1 ^ ' 7n>q—Sq k-\-l—7n 

< (lklk(i + h'lloo)r'||/IU E (^)'"(™ + 

rfi>q~Sq 

< ll/IU((i + lklk)(i + h'||oo))^'x 

{q-Sg + l + WzllK/RmzllK/R)"-'^ 

{i-\\z\\K/Ry 

Since rj' is a subsequence, one has js^ > Sq and by definition of Sg, one has 
Sq < js, < 9- On the other hand, one has by hypothesis of r/, 

q-Sq card|7;i,...,r7~;,...,77j, ...,^,...,77g| = card{?7((7) \ 77'} > ^ ^ . 
It follows that 

sup < II^J^^ [(1 + \\z\\k) (1 + hlUr (g - + 2) f ^) 

zGif (1 - ||z||A7i?) \ R / 



(i-||z||K/i?)Hlklk. 



< : ,^.2 (^1 (9+2) 



If we fix 

R = R^:^K max{2||z||K, ||z||K[2(l + h'||oo)(l + ||^|k)]^} 



one has for all g > 1 



g + 2 



SUp|/,,,,(z)| < m\\R^,^,{Rr,',K/\\z\\Kr"' 
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We finally get 

sup<^ sup |/,,',g(z)| [ < sup |/(zi,Z2)| + 6 



q>0 izeK 



Rri',K 



D/C 



sup 1/(2:1,22)1 



By Lemma [H one has for all z G 

Rn {fri',q;v){z) ^ 



k+l>N 



2i7r 



(i + ICI 



2^2 



Since the family {fri',q\ >q is relatively compact in O (C^), one always has 



sup sup 

q>l zGK 



k+l>N 



0. 



On the other hand, since the interpolation formula E]^{-,ri) is convergent and the 
family {/i)'.q}^>o is uniformly bounded, it follows by Lemma[7]that, on any compact 
subset K, 



sup sup \Rm ifrj'.qlV) (z) 
q>l zGK 



-> 0. 



This yields to 

nf=i (^1 - ^.^2_) r Ek+i>Nik + l - N + l)a,, (f^) 



sup 

q>0,zeK 



k+l-N+l 



2m 



2^2 



A^oo 



^ 0. 



In particular, one can choose for i? > 1 

q ^ N and K = Cr := C (0, (1 + ||r;'||oo) i?) x C(0, i?) , 

then 

sup 

kl| = (l + ||>)'||oo)-R, |Z2|=-R 

nf=i (^1 - ^.^2) r E.+z>A(^ + ^-^+l)aM(/.',iv)C'=(f^) 



2i7r 



fe+i-A+l _ 

dC,^dC, 



YY=AC-v,) (i + ICI 



2^2 



A^oo 



0. 



On the other hand, by construction of the function 

s — 1 m>q — s^ k-\-l—m ^^^q k+l—m 

and the uniqueness of its Taylor expansion, one has, for all to > g and z G C^, 



X "■k,iUq..n')zi 

k+l—m 



kj 



s—1 k-\-l — 771 — Sq 



ak.iZiZ2 ■ 
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It follows that, for all ( eC^, 



m>N 



Z 2 + C^l 



m-N+1 



J2 «m(W)c' 



k-\-l—m 



Z2 + C^l 



m-N+1 



s=l m>N ^ 



m-(A^-S7v) + l 



E «MC^ 



then 



sup 

kl| = (l+ll')'IU)fl,k2|=fl 



n ~ '?j=^2) 



i = l,i#Si,...,SAr 



(zi - r]jZ2) 



2iTT 



fe+(>JV-sjv 



{k + l~{N-SN) + l)ak,ie (tR^) 



A;+;-(JV-sjv) + l _ 



nf=i,,^.,....,.„(c-^,) (i + icp)^ 

On the other hand, one has for ah > 1, |zi| = (1 + ||r/'||oo)^ and \z2\ = -R, 

Sjv Sjv Sjv 



0. 



s=l s=l 

then one still has 



sup 

|2l| = (l+ll»)'l|oo)fl, k2|=fl 



j = l,j^Sl,...,SN 



(Zi - ?7jZ2) 



k+l>N-SN 



{k + l-{N-SN) + l)afeX' (tR^) 



fc+i-(7V-sjv) + l _ 



Since the compact subset Cr is the Shilov boundary of the closed bidisc, Kji = 
D (0, (1 + |j?7'||oo) i?) xD(0, R) (ie the supremum on Kn of any holomorphic function 
is still reached on Cr, see for example [2], O, [6] and [10]), it follows that 



-> 0. 



sup 



Hi, 



i=l:i7^Sl,...,SjV 



izi-r]jZ2) 



2in 



E 



, / ^7 \k+l~{N-SN) + l _ 

(k + l-iN- sn) + l)ak,iC'' (tTW) ^'^ ^ 



k+l>N-SN 



'CSC nf=i,,^., sAc-v,) (i + icp)2 

It follows by Lemma[8]that {_Rjv_siv (/; '7')}Ar>i converges to uniformly on any 

compact subset Kr, R> 1 (and because always so does ^J2k+i>N o-k,iZiZ2^ ). 

Since any compact subset K can be embedded in some Kr for R large enough, one 
still has 

> 0. 



0. 



SUp\RN-sr, if; V\v'){z)\ - 
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On the other hand, from the condition about 77', we know that the sequence 
{N — SN)]\!yi is increasing and not bounded. Moreover, by construction of the se- 
quence (sAr)^>j^, one has in particular sn < sw+i < sa? + 1. Then + 1 — sat+i < 
N — sn + I, ie the sequence {N — SAr)jY>i is surjective. It follows that 

lim sup\Rn {f;v\v'){z)\ = Jim sup \Rn'-sj^, {f; v\v') = 0, 

then by Lemma [7] the interpolation formula En (/; Tj \ rj') converges to / uniformly 
on any compact subset. Since it is true for any function f £ O (C^) , the proposition 
is proved. 

V 

One can deduce as a consequence a special case where the subsequence 77' is a 
finite subset of {77j}j>]^. This result is usefuU in order to prove Lemma [5] from 
the previous subsection (and then to complete the proof of Proposition [T] given in 
Introduction) . 

Corollary 6. Let be a sequence t] — whose interpolation formula En^-'.t]) 

converges. For n > 1, let be r]j-^, . . . , rjj^ and consider the new sequence rj where 

and such that the order is the same: if ffs = rjj^ and rjt = rjj^ with jg < jt, then 
s <t. 

Then the interpolation formula Ejy {■]?!) converges too. 

Proof. The proof is exactly the same as the one of Proposition^ since its conditions 
are imniediatly satisfied. The only difference is that the family {/ij'.q}^ is finite then 
automatically relatively compact. 

In addition, it is sufficient to assume the simple convergence of i?Ar(-; 77) function 
by function, and not uniformly on any compact subset of O (C^) (but as said in 
Remark \3A\ this is not a really stronger condition). 

V 

3.4. Proof of Theorems [3] and |4l In this section we give the proof of Theorems[3] 
andm We first begin with the following result that will be usefull. It also gives an 
answer to the following problem: we know that, if is locally interpolable 

by real-analytic curves, then so will be any subset (finite or infinite), in particular 
if it is a convergent subsequence. Conversely, if {r]j}j^^ is not locally interpolable 
by real-analytic curves, what about any subset? 

In general, it is false (see for example Proposition [T] where (Kj) -y-^ is locally 
interpolable by real-analytic curves but the whole sequence {rjj).^^ is not). Nev- 
ertheless, one can extract subsequences that will still not be locally interpolable 
by real-analytic curves. But what about if we also want the subsequence to be 
convergent? The answer is affirmative. 

Lemma 9. Let {rjj} that is not locally interpolable by real-analytic curves. Then 
there is a subset {Vjk}k>i '^f {''^j}j>l ^^'^^ satisfies the following conditions: 

• the sequence i'fljk)k>i convergent (in C); 

• the set {'7j"fc}^,>]^ is not locally interpolable by real-analytic curves. 
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Proof. Since the set rj is not locally interpolable by real-analytic curves, there is 
Co G {Vj}j>i without any neighborhood V € V(Co) and holomorphic function 
g G O (V^o) that can interpolate the conjugate function on {iljjjyi C\ 

(3.20) yV eViCo), yg eO{V),3r^j eV, g{fi,) ^rfj. 

We first assume that Co 7^ oo. On the other hand, Co cannot be isolated in 
iVj} j>i (otherwise, by taking such that {?7j}j>i fl^Co = {Co} and gQg{z) = Co, 
we would get a contradiction). Then let be some subset {'r]jk}j>i that is a sequence 
that converges to Co and such that rjji^ 7^ Co, V/c > 1. We set So ■— {Vjk)k>i- 

Now we consider Vi := £'(Co,l) and we set 5*1 := ^ofl^i- By construction, 
Si is still a sequence that converges to Co- H 5'i is not locally interpolable by 
real-analytic curves, the lemma is proved. Otherwise, there are Vi € V (Co) and 
gi € O (Vij such that, y rij € Si, rfj — gi By reducing Vi if necessary, we can 

assume Vi connected and Vi C Vi. Since Co satisfies the condition p.20p . if V2 — 
Z? (Co, 1/2) n gi\v2 cannot interpolate the conjugate function on V2C\{i]j}j>i. 
Then there is 77^1 € V2 n{»7j}j>i such that gi (r/s^ ) ^ rj^. We set S2 := {ris^ }\JSi 
and 5*2 is still a sequence that converges to Co- 

Now if 5*2 is not locally interpolable by real-analytic curves, the lemma is proved. 
Otherwise we repeat the process by considering V2 C V2 (with V2 connected), 32 G 

O (V2) ,V^ = D (Co, 1/4) n V2, Vs. e 1/3 n M.yi with 52 iVs,) ^ ^, and ^3 := 
{VS2} U '^'2- By induction on r > 1, one can construct S'r = -S*! IJ {77^1 , • - • , Vs^} (that 
is still a sequence that converges to Co) and Vr C D (Co, 1/2'""^). As long as the 
sequence Sr is locally interpolable by real-analytic curves, one can consider Vr S 
V (Co), with Vr connected, and gr & O (yr^ such that, y rjj G SrCWr, gr ivj) = Vj- 

We set Vr+i := D (Co, 1/2^) p| Vr and, since by hypothesis gr cannot interpolate the 
conjugate function on Vr+i f] {Vj}j>ii there is 77s,,^i S Vr+i such that gr {ilsr+i) 
rjs^^i ■ Then we set Sr+i '■= {'7s,-+i } U '^r (that still converges to Co)- 

Now exactly one of two things can happen: either there is r > 1 such that 
Sr is not locally interpolable by real-analytic curves, then the proof is achieved; 
otherwise we can construct by induction on r > 1 the sequence Sr (that converges 

to Co), Vr (Co) (connected), gr G O ^V^^^ such that gr (rij) — rfj, y rjj e Sr Pi 

and Sr+i = {vs^+i }[jSr with gr (vsr+i) ^ W^- 

We consider Soo '■= Ur>i the limit of the sequences Sr- Soo is still a sequence 
that converges to Co (as the union of So and the convergent sequence {?7s^}r>i since 
i]sr G D (Co, 1/2''"^), Vr > 1). We claim that 5*00 cannot be locally interpolable 
by real-analytic curves. Otherwise, there would be T4o € V (Co) and goo & O (Voo) 
such that, y-rij G V^o f] "^oo, Soo (Vj) = Vj- Let also be ro > 1 such that Vr„ C T4o 
(such an ro exists since Vr C D (Co, 1/2*"^^), Vr > 1, and Voo is a neighborhood of 
Co)- In particular (since Sro C S'oo), y^j ^ ^ro C\ ^^o, one has 500 (Vj) — Vj- On the 
other hand, one still has by construction g^,, {rjj) — rJJ, y rjj g 5*^^ P| Vr„. It follows 
that gra and 5oo|y are both holomorphic functions on the domain Vr^ that coincide 
on the subset Sr^ H K-q that is infinite with limit point Co G K-q, then ffooly; = 5ro- 
But in this case, since f?s,Q+i € Vro+i C Vra C Voo and ?7s^^+i e S'^+i C S'oo, this 



GEOMETRIC CONDITIONS FOR INTERPOLATION FORMULA 



31 



yields to 

Vsrg + l 7^ 9ro {Vsrg + l) — 9oO {Vsrg + l) " Vsrg + l J 

and that is impossible. It follows that the set Soo satisfies the required conditions 
and the lemma is proved in the case Co 7^ cxd- 

Now if we assume that Co = 00, then by removing from {rjjjjy^ if necessary, 
one can assume that rjj ^ 0, Vj > 1. Indeed, 00 will still be a limit point of 
{Vj}j>i \ {0}; on the other hand, VV^ G V(oo), with ^V, and g G 0{V), there is 
r]j £ V such that .g(?7j) ^ rfj (with rij ^ 0), ie 00 still satisfies the condition p.20|) 
with the set {»7j}j>;^ \ {0}. 

Now consider the set Xji] :— {l/?7j}j>i (that is well-defined). We claim that (the 
limit point) satisfies the condition p.20p with 1/77. Otherwise, there would be Vb S 
V(0) and 50 G O (Vb) such that, for all 1/77^ G Vb, one would have (70(1/7?^) = l/7?j. 
In particular, by choosing a subsequence i'r]jk)k>i ^^^^ converges to 00 (since it is a 
limit point), one would have goiO) — 0. The function h defined on a neighborhood 
Voc, G V(oo) by /i(C) '■— l/[5o(l/C)]i would be holomorphic from 14c to C and 
satisfy: 

V?/j G Voo, h{Tjj) = — ^ = =^ = rJJ, 

ie 00 would not satisfy any more the condition p.20p with the set 77, and that is 
impossible. 

Since ^ cx), it follows that we are in the first case and one can apply the lemma: 
there is a subsequence (1/77^^^) C {^/Vj)j>i that converges to and is not locally 
interpolable by real-analytic curves. Then the sequence i'r]jk)k>i converges to c» 
and is not either locally interpolable by real-analytic curves (otherwise so would be 
(l/^ifc)fc>i by applying the above argument). 

V 



Before giving the proof of Theorem [31 we remind the following result whose proof 
is given in [12] (Lemma 12). 

Lemma 10. Let be any sequence. For any u ^ {'7i}j>i U {00}, consider 

the following homographic application 

(3.21) hu :€ C 

and the new sequence 9 = {Oj)^y^ :~ {h^ iVj))j>i- 

Then the formula RN{f', v) converges to 0, uniformly on any compact subset and 
for every function f E O (C^), if and only if so does RN{f',S) (constructed with 
the associate Oj 's). 



One can deduce the following result. 

Corollary 7. rj being any sequence, any homographic application like \3.21\] 
and 6 := hu{r]), the formula EN{f'Ti]) converges to f, uniformly on any compact 
subset and for every function f E O (C^), if and only if so does E]\[{f; 9). 
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Proof. By Leinma[7l the formula -Bat (• ; rj) converges if and only if i?jv (• ; ??) converges 
to (uniformly on any compact subset). By Lemma ITOl this is true if and only if so 
does -Rat (•; hu{ri)), for any homographic application /i„ of the type (13.211) . Finally, 
by applying Lemma [7] again, it is true if and only if En (•; h.a{if)) is convergent. 



Now we can give the proof of Theorem [3l 

Proof. The first sense of the equivalence is obvious since the property of local 
interpolation by real-analytic curves is a condition about sets, then it does not 
depend on the numeration of the set 77 = {^/j}i>i- 

Now assume that the sequence 77 = (??j)j>]^ is such that, for all a G ©n, the 
sequence a{if) :— {Vaij)) makes converge its associate interpolation formula 
E{-;a{v)). 

First, let assume that r] is bounded, ie ||r?||oo := supj>i \T]j\ < +00 and assume 
that ri is not locally interpolable by real-analytic curves. Then by Lemma [9l there 
is a subsequence ir]jk)k>i ^^^^ converges to Co G {Vj}j>i and that is not locally 
interpolable by real-analytic curves. On the other hand, the sequence (?7j) >2 \ 
{r]jk)k>i '^^^ rewritten as i'risk)k>i- define a € ©n as follows: 

[s{k-i)/2 if k IS odd. 

By construction cr is a permutation of N \ {0} then by hypothesis the sequence 
{V(j{k)) 1.^1 still makes converge its associate interpolation formula En{-; a{ri)). If 

we consider the subsequence rj' :— (?7cr(2A;+i)) j,>]^i then one has {r]a{2k+i)) i^^i — 

(^sfo)fc>i aii'^ f°i^ ail even (resp. odd) > 1, one has 

card {(7(77) (TV) \ 7]'} card (77^(2), »7<t(4), '7o-( a) } = card {77^, , 77^2 , . . . , Ty^^^ J 

_ N N -1 

~ Y - 2 

(resp. card {7/2, 7/4, ?7A-i} = {N — l)/2). On the other hand, rj' is bounded (as 
a subsequence of the bounded sequence (?7j)j>i). It follows by Proposition |4] that 
the new sequence r]\ri' — {'>]jk)k>i ^^^^^ makes converge its associate interpolation 
formula. 

But we also know that {'rijk)k>i ^ convergent sequence that is not locally 
interpolable by real-analytic curves, then by Proposition[2]it cannot make converge 
its associate interpolation formula. This is impossible and the conclusion is that 
the set is locally interpolable by real-analytic curves. 



Now let assume that the sequence rj is not dense, ie {r]j}j>i 7^ C and let be 
u ^ {Vj}j>i {one can assume that u is finite, otherwise rj is bounded). Consider 
the homographic application 

h : C ^ C 

C-u 
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It follows that the sequence 6 ~ (6'j)j>i '■— h{rj) :— [h {r}j))jy^ is bounded. 

On the other hand, since the interpolation formula En{-] '^{t])) converges for all 
a e ©N, then by Corollary [7] so does Em{-](t{9)). Thus one can apply the first 
case above of the proof and deduce that the set {Oj}-^^ is locally interpolable by 
real-analytic curves. Finally, the appplication h being homographic, in particular 
it is biholomorphic. It follows that the set {?7j}j>i = {ft.*^"^' (^i)}j>i locally 
interpolable by real-analytic curves too. 

The last case with which we have to deal is the one when the sequence 77 is 
dense, ie {'7_/"}^>]^ = C In particular, its topological closure has nonempty interior. 
It follows by Lemma[T]that it cannot be locally interpolable by real-analytic curves. 
In order to complete the equivalence in this case, we want to prove that there is 
cr e 6n such that i?Ar(-; (7(77)) does not converge. 

Assume that it is not the case, ie for all a E ©n and all / G ©(C^), the 
interpolation formula Ef4{f]a{rj)) converges to /. Without loss of generality, one 
can assume that, for all fc > 1, one has \ri2k\ ^ 1 and |772fc-i| > 1- Indeed, if it is 
not the case, let consider 77' := {\rij \ < 1}, that can be rewritten as {'>ljk)k>i' '^^^ 
other set r]\r]' can be rewritten as (?7sfc)j;>i- Both subsequences are well-defined 
since 77 is assumed to be dense. We analogously define the permutation <Ta by 



I Jk/2 



if k is even, 



S(k+i)/2 if k is odd. 



Then by hypothesis, for all permutation a G ©n, the composition aaa is still a per- 
mutation of N\{0} then the interpolation formula En (•; cr {cra{il))) — En (•; (crCTa) (77)) 
still converges, ie the new sequence CTq(77) satisfies the same conditions as 77 does. 

Now we claim that r; \ 77' also satisfies the same conditions as 7/ does, ie for all 
a € ©N and all / G O (C^), the interpolation formula £'jv(/;cr(?7 \ 77')) converges. 
Indeed, let a be any permutation of N. Such a permutation a will act as cr{'i]\ri') = 
('7sff(fc))fc>i ~ {V2a(k)-i) We canonically extend tr to for the whole sequence 
77 by fixing 7;', ie by setting: 



I j if j is even, 

I 2cr((j + l)/2) - 1 if j is odd. 



cr is well-defined and is a permutation of N that fixes all the even j's, ie ct(ji') = 
('72fe)fc>i = ?/■ On the other hand, for all > 1, one has 

card{[a(7;)](iV)\a(77')} = card {[^(77)] (iV) \ 77'} = card {772,(fe)_i , 2fc - 1 < 7V} > 

(since a globally fixes the set of the odd j's). Since a (77') = 77' is still bounded, it 
follows by Proposition 2] that the new sequence 

f^ivXv') = iV2a{k)-l) k>l = {Va{2k-1)) k>l = ^iv)\^iv') 

still makes converge its associate interpolation formula. 

The consequence is the following: the new sequence 7;\77' is not dense and makes 
converge its associate interpolation formula under the action of any permutation 
a G ©N- One can apply the second case above and deduce that t] \ rj' is locally 
interpolable by real-analytic curves. In particular, it follows by Lemma [T] that 
its topological closure has empty interior. But this is impossible since Tl\r]' — 
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{z g C, \z\ > 1}. The conclusion is that a dense sequence cannot keep making 
converge its associate interpolation formula under the action of any permutation. 
This achieves the equivalence and the proof of the theorem. 

V 



Now we give the proof of Theorem HI 

Proof. First, if {T]j)j>i is locally interpolable by real-analytic curves, then so is any 
subsequence {Vjk)k>i- '^^^ assertion follows by Theorem [2l 

Conversely, assume that {Tjj) is not locally interpolable by real-analytic curves. 
It follows by Lemma [9] that there is a subsequence 77' = (?7j,,)j,>]^ that is conver- 
gent (in C) and that is not locally interpolable by real-analytic curves. If we prove 
that 77' does not make converge its associate interpolation formula, the proof of the 
theorem will be achieved. 

Let be 7700 — liinfc_j.oo Tjj^ . If we assume that 7700 is finite, it will follow by Propo- 
sition [5] that the subsequence rj' cannot make converge its associate interpolation 
formula. Then one can assume that rjoo = 00. By a taking sub-subsequence of rj' 
if necessary, one can assume that rjji^ 7^ 0, Vfc > 1 (and this sub-subsequence will 
still satisfy the same conditions as rj' does). In this case. Lemma IH] means that 
the sequence l/rj' := {^/'njk)k>i converges to and is not locally interpolable by 
real-analytic curves. Since l/rj' is bounded, one can apply Proposition [5] to deduce 
that the interpolation formula En{-; 1/r]') does not converge. It follows by Corol- 
lary [7] with the choice of the homographic application ho{Q = 1/^, that neither 
can Ejy (•; /io(l/77')) converge, ie Eiq{-;'q') does not converge and the proof of the 
theorem is achieved. 



4. On the case of a dense family 

In this part we deal with the case of a dense sequence 

fe}j>i = c, 

and we give the proof of Theorem [5] We already know from Theorem [3] that, since 
its topological closure has nonempty interior, then there is a permutation aa G ©n 
such that the interpolation formula Ei\[(-;ad{r])) will not converge. Thus the proof 
will be showing that there is also cTc £ &n such that E]\[{-; <Jc{r])) converges. 

The idea of the proof is the following: we want to get a numeration of rj that is 
of the same kind as in Proposition [3l ie by taking advantage of the £-entropy of a 
2-dimensional open set so that the points Vcr^ij) will certainly be close from each 
other but not too fast; on the other hand, the numeration will be defined so that 
the point c» will not be approached too fast by the new sequence (Jc{ti). In fact, 
we want to get a new numeration of t] that is uniform on the Riemann sphere C. 
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4.1. The construction of (Tc{ri): We set Ci :— [—1, 1] 1, 1] and for all r > 2, 
we define the following set 

(4.1) Cr {[-r,r]+z[-r,r]}\{[-(r-l),r-l]+?:[-(r-l),r-l]} . 

One has the following partition 

c = IJ a • 

r>l 

For all r > 1, we consider each subsequence 

with its natural numeration from the one of rj. Then each $r is injective and form 
a partition of N \ {0}, ie 



N\{0} 



U {Mk),k>l} 



r>l 



In addition, since one has rj = lJr>i V^^'^ ^ it follows that each 77'^''^ is a dense sequence 
in Cr- 

(r) 

In order to construct CTc, first we want to construct each (Tc that is associate to 
jyC'"), The idea will be using for each 77'-'') the same argument as in Proposition [3l 



4.1.1. The construction of each (t(''); Since r > 1 is fixed, in order to avoid heavy no- 
tations, we will just write a and 77 ~ {Vj)j>i instead of ai^^ and 77^''^ = ('7*r(fc))fe>i- 
Let be rji G Cr and /ci > 3 the smallest integer such that 

\Vi\ > r^l + ^. 
We complete 771 by an 1/2'^i-net of 

a \ {[-?■ + 1 - l/2'^Sr - 1 + l/2'^i] + t[-r + 1 - l/2^\r - 1 + l/2'^i]} , 
whose cardinal will be of order 

^^222fei _ 4 [ J- _ 1 J — \ 02fei 



1 
2^ 



with 
(4.2) 



'yr,k 



8r (1 



- + 2r - 



2r 



1 



2fei 2'^'i 



22fei 



1 



2k 



If r = 1, it will be just 42 1, ie 7i_fe := 4 (we remind that the cardinal of an e-net 
to cover [— r, r] + i[—r, r] is of order {2r/e)^). 

Now we use the density of 77 to approach this l/2''i-net by a subset AZ/d so that 
its cardinal will have the same order. The mutual distance of these r]j S Afki will 
necessary be at least of order '^r,ki2'^'^^ . Then as in Proposition [3l we use the fact 
that 

ki 

fc=l 
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where Nk C A4i is an 1/2'^-net whose cardinal will be of order 7r,fe2^'^. This allows 
us to define a as follows: we consider any numeration of A/i, then any numeration 
of N2 \ A/i and so on until reaching Mki ■ This defines cr for the first 7,.^fc2^'^i points. 
In particular, 771 is reached. 

Now let ?ii > 1 be the biggest integer such that rjj e Mki , Vj ~ 1, . . . ,ni. We 
analogously define k2 > ki + 1 the smallest integer such that 

min||r;„,+i| - (r- I) , ^^min |?7„i+i -77j || > 

As above, by using the density of {?7j}j>^ \ -^ki , we analogously complete A/fej U 
{Vni+i} on an perturbed 1/2'^^-net that we call Afk2 and whose cardinal is of order 
7r,fe22^''^. In addition, one can split Afk^ as a union of J\fk, from 1 to fc2, whose 
cardinal will be of order 7,-^^2^'^. This allows us to define a for Afk^ \ A/fei as above. 
Moreover, since ?7„j+i e A/fe^, then in particular 772 € A/'fe2- 

More generally, let assume having constructed A4i , • • ■ , J^kg such that each A/fe , 1 < 
k < kq, is a perturbed 1/2'^-net of {»7j}j>]^ whose cardinal is of order ^r,ki^^ and 
such that rjj G Mk^ , V j = 1, . . . , g. Then we consider Uq > q the biggest integer 
such that rjj G J^kg, Vj = 1, . . . , n^, and fcq+i the smallest integer such that 

min I It?,, +i| — (r — 1) , min \rin +1 — Vil \ > ^ . 

Since A/'fcg is finite, one can use the density of \ Mc, in Cr to complete 

A4, U {rjn^+i} on a perturbed l/2'^''+i-net of that we call J^k^+i and whose 

cardinal is of order 7r,fc,+i2^'^''+i . On the other hand, one can write 

kg+l 

^fkg^. = [j^fk, 

fc=l 

where Nk is a perturbed 1/2'^-net whose cardinal is of order 7r,fc2^'^. In addition, 
since ?7,i,+i G A/fc^+i , then in particular rjq+i G Nkg+i ■ We finally extend cr on Afkg+i 
by successively defining it on each A/fe+i \ A/fe, k = kq, . . . , fc^+i — 1. Notice that, 
as in Proposition [3l the numeration on each Mk+i \ A/fc does not matter since the 
most important is to fill each of them before going to the next one. 

This shows that the application a is well-defined, injective by construction and 
surjective since, for all j > 1, one has rjj G Afk^- 

4.1.2. The construction of Uc on the whole sequence rj: Now that we have defined 

(r) 

(Tc on each Cr, we want construct the global application cjc such that, for all r > 1, 
one has 

(4.3) #{(^7,77) {N) n Cr} card {j, 1 < j < N, 77,^(,) G a} - ^■ 

We begin with choosing '7(t,2) e Ci, then ?7cr,(i) := '?o-<')(i) ^^^d ?7<j,(2) 

77 (1), , (ie (Tc(l) crc^'(l) and ac(2) := ac^\2)). Next, we set adS) :— cri^\l) so 
that 77ct^(3) G ^2, go back to Ci and so on. 
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More generally, let assume having defined CTc on {l,...,iV} such that for all 
r > 1, one has: 

(4.4) #{(^e.)(iV)na} _^ ^ (^)na.i} 

^ {N)nCr} 
2 

and 

(4.5) {(aery) (TV) n a} = {ry^M^^.), j = 1, . . . , # {(a,,?) (TV) n C,}} 

(this last relation just means that, in each C^, we naturally take the first 7y^(r) ^^.j 's) . 

We want to know which one will be the candidate for rja-^^N+i)- Let consider rjv 
the biggest r > 1 so that (ctc'?) (TV) n Cr is not empty. By (|4.4p . one has 

1 < #{(ae7y)(TV)na„} < 2. 
Exactly one of the three following cases can happen. 

• If # {{(TcV) (N) n Crj,} = 2, then we set Va,{N+i) & C'rjv+i, ie 

a,iN + l) := (t('-"+i)(1), 

and we see that (|4.4p and (14. 5p are still satisfied for iV + 1 and all r > 1 . 

• Otherwise, one has # {(cc??) (TV) n Cr^,} = 1 then we want to set ?7ct<:(JV+i) 
in Ur"]"^ so that and (|43)) are still true. From (ITi)) . one has, for 
all r > 2, 

#{((T,77)(TV)na-i} < 2#{(a,77)(TV)na} + 2. 
Let s > 2 bee the biggest r, 2 < r < tat, if it exists, such that # {(ctc??) (TV) n C^-i} = 
2# {(o-c??) (TV) n Cr} + 2. Then we set t]^^{n+i) e C's, ie 

a,(TV+l) := a(^)(l + #{(a,77)(TV)nC,}) , 

and we see that (|4.4p and (|4.5p are still satisfied for TV +1 and all r > 1 (from 
hypothesis, one also has # {(ctcT?) (TV) n CJ < 2# {((Tc??) (TV) n C,,+i} + 1). 

• The last remaining case is the following: for all r — 2, ...,rAr, one has 
#{(a,r;) (TV) n C-i} < 2# {(a,??) (TV) n CJ+l. Then we just set 77<,^(w+i) G 
Ci, ie 

a,(TV + l) := a«(l + #{(a,ry)(TV)nCi}) , 
and we see that (14.41) and (14.51) are still satisfied for TV + 1 and all r > 1. 



Now we can see from (|4.4p by induction on r < t'jv that 
#{(a,77) (A^)nCi} 



16 



Since 



> #{(acr,)(TV)na} 

^ #{(ae7y)(TV)nCi} ^ 1 1 
- 2'-i 2 2*^-2 



#{(.e.)(^)na} ^ ^^^-i.?^^^-^ 



#{(a,ry)(TV)nCi} 



^ = E#i(^^^)(^)^^'-} - E " '^-^ ^ 2#{(a,77)(TV)nCi} 

r— 1 r— 1 
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one has, for all r = 1, . . . , tat, 

{N)nCr} 



N 

2r 



then (|4.3p is satisfied. In particular, since # {{(^cV) {^) ^ C^r^} = f or 2, this yields 
to 

(4.6) rjv - log[2]A^. 

Now that we have constructed the permutation ctc, we can prove the theorem. 

4.2. Proof of Theorem [5j On the following, we will just write the sequence 

V — iVj)j>i that means the sequence CTc?? — {Vaa{j)) >]^- 
Let be / e O (C2) and 



k.l>Q 



its Taylor expansion. We want to prove that the interpolation formula EN{f;ri) 
converges to /, uniformly on any compact subset. By lemma [71 it is sufficient to 
prove that Rj^(f] rj) converges to 0, uniformly on any compact subset, where 



N 



N 



RNif;v)iz) 



z\ - r\jZ2 



P=l i j = lj5:tp ) k + l>N 



/ . — X k+l-N+1 

Ek I Z2 + rjpZi 



In the proof, we will not try to use simplifications between the terms of the 
sum, else we will directly give an upper bound of each of them. We begin with the 
following preliminar result. 

Lemma 11. Let K CZ be a compact subset. One has, for all N > 1 and all 
p=l,. 



.,N, 



sup 

zeK 



N 



3 = ^:J=^P 



< 



where A> 1 is a universal constant and \\z\\k — sup^gj^ + \z2\'^ ■ 



Proof. One has by the Cauchy-Schwarz inequality 

N N 



N 



sup n \^i-vjZ2\ < \\zc-' n < ii^iir'n(i+i^^-i) 

and 

N r Y 



n (1+1^^- 1 

r — l<|77j|<r 



exp 



rN 
r=l 



J2*MN)nCr}\og{r + l) 



r=l 



< exp 



N 



^2-log(r + l) 



< exp {aN) , 

.1, ■ v-r„ log(r + 1) 
since the series > ^" , 



converges. The lemma follows. 



V 
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Now we prove another preliminar result. 

Lemma 12. One has, for all K C compact subset, all R > \\z\\k, all N > 1 
and all p = 1, . . . , N , 



sup 

zG-fC 



k f Z2 + VpZl \ 



X fe+(-Af+l 



< 



l/IUJkll 



K 



{i-\\z\\KiRy 



N 



k+l>N 

where \\f\\R = sup|^^|j^^|<fl |/(z)|. 

Proof. First, we remind by the Cauchy inequahties p.lSp that \ak.i \ < 
It follows by the Cauchy-Schwarz inequality that 

k+l~N+l 

sup \ak,i\\Vpf 



k+l>N 



Z2 + VpZl 



< 



^ El 

m.>N 

< ll/lk, 

< ll/IU 

= Wfh. 

and the lemma follows. 



1 + \Vp\' 



N-l 



Z\ K 



E 



k-\-l — 771 



1 + 

ll^lk 



^ (m+1) 



)ri>Af 



\z\\k 
R 



i + (jv + i)(||z||W^ ) 

ii^ik y (i-ikik/i?) 



2 ' 



Now the next step will be getting a lower bound of each product HjLi I^p ~ '7j I 
Since one has 



N 



(4.7) n i^p-^j-i 



n i^p-'^ii 

il')p-')3l>l/3 



n ) ' 

J»7p-»7j I<1/3j¥p 



then we want to get an estimate of each product. We prove the next result that 
gives a lower bound of the second one. 

Lemma 13. One has, for all N > 1 and all p ^ 1, . . . ,N, 

n > i/s^, 

\Vp-Vj\<i/3,j^p 

where B > 1 is universal. 

Proof. Let be r > 1 such that r/p G C^. We know by construction of ctc that rjp 
belongs to an ,.-net, where 



£N.: 
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(the power kN,r depends on N by construction of cjc and also on r since CTc is 
constructed with the partial ac^^ 's) . We know from Subsubsection 14.1.11 and (|4.2p 
that 

# MN) n Cr} ^ 7..fe«,.22'^"- ^ 8r (^1 - j 2^'=".'- . 
On the other hand, by (|4.3|) from Subsubsection l47l .21 one also has 

4f{TjiN)nCr} ^ ^, 

then 

i /8r(l - l/2'=">'-) Jat,^ 



where 

r > VS^ 2'-/2 . 

First, assume that dist (ryp, 6Cr) > 1/3 {bCr being the topological edge of Cr). 
It follows that 

{Vj,\Vp-V3\<'^/i} c 7^{N)nCr. 

Let sjv,r the biggest integer s > 1 such that ssN.r < 1/3, ie 

(4.9) SN,r£N,r < 1/3 < {sN,r + £N,r ■ 

It follows that 

n \vp-V]\ = n n i'?p-^ii 

k)p-l?j|<l/3,j/p S=l SeN.r<\Vp-Vj\<(s+l)SN,r 

SN,r-l 

(4.10) > Y[ (se^,,)#{-^~.'-<l''>'-''^l<(^+i)^".'-} . 

By construction of the e^v^r-net, one has 

#{ryj, EAT^r < |r/p - r]j\ < 2eN.r} ^ 8 
(ie the upper bound is of order 8). Analogously, 

#{?7j, 2eN,r < IVp-Vjl < 3eAr,r} ^ 16, 
and more generally, one has by induction on s > 1 

#{r]j, SSN.r < IVp ~ Vj\ < + l)eN,r} d: 8s . 

It follows by that 

(SN.r-l \ 
8sln{seN.r) | • 
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On the other hand, one has by ()4.9|) 



«=i .=1 v3(sjv,. + l); ^ V3(siv,, 



SJV,7-+1 

1 \ ^ s 



SN.r + 1 ^ 



hi 



s— 1 \ \ 5 / 

As — >• cx), by (j4.8p eAr.^ then by (|4.9p sjv,r oo. It foUows that the above 
sum is the Riemann sum of the (Riemann-integrable) function t G [0, 1] h- > tln(t/3) 
and whose hmit is 

> In — > / t\n{ -] dt = -a, 

where a > 0. In particular, the sum is low-bounded then, whatever SN,r is big or 
not, one gets a lower bound that is uniform on N and r > 1. 
By (gH) and (gH]), this yields to 

E^ / \ , -, \ 2 01 a ly 

then (|4.11|) gives us 

(4.12) n i^p-'?^! ^ ^^p(-ls^ 1 ^ ^^p(~?^) ' 

i<i/3,,#p V ^"^.'•y ^ 

since by (|THI), one has > 8r2''(l - 1/2) > 8. 

Now, we assume that dist (ryp, 6Cr) < 1/3, ie dist (77^,, Cr-i) < 1/3 or dist {r]p, Cr+i) < 
1/3. We deal with the first case (the second one is analogous). Between the rjj that 
are close to i]p some of them can belong to Cr-i (then r > 2). One has 

n i^-'^ji = n \vp-vj\ n k-va- 

By translation of rjp and the rjj £ Cr inside of Cr so that dist {"qp, bCr) > 1/3, one 
can complete the partial translated l/2'^" '^-net and apply (|4.12l) to get 

n \vp-rij\ > n \vp-ffj\ 



y exp(-|A 



9 

Analogously, by translation of rip inside of Cr-i and since (|4.12p is uniform on r, 
one has 

n \Vp-Vj\ h exp(-^A^) . 

|»)p-'?j|<l/3,i)3GC,._i 

This finally yields to 



n IVp-Vil h exp^-^Aj 

.1^1 /Q ^ ^ 



|?7p-'?jl<l/3,i/p 

In addition, the constant does not depend on r, then neither does it onp = I, . . . , 
thus the lemma is proved. 
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Now the next result deals with the first product from (|4.7|) . 
Lemma 14. One has, for all N >\ and all p — 1, . . . ,N, 

n > 1/3^- 

In addition, if jjp e Cr with r > 3, then one has a sharper estimate: 

\Vp-Vj\>'i-/^ 

where D > 1 is universal. 

Proof. Let fix rjp . The first assertion immediatly follows since 1 /3 < 1 : 

/ 1 \ #{nj, |f)p-'?j|>i/3} 
n \Vp-Vj\ > 3) > 1/3"^- 

Now if we assume that r > 3, one has 

(4.13) n \vp-vj\ = n \vp-vj\ X 

hp-»7jl>l/3 |jjp-jjj|>l/3,?7jeC^_iUC,.UC,.+ i 

rN 

X n n \'ip-'ii\ ■ 

s— l.s^^r — l,r,r4-l ^Ij^Cs 

On one hand, one still has 

/l\ #{»7Wn(c.-iuc,uc,+i)} 

(4.14) n \Vp^Vj\ > 

> 1/3^. 

On the other hand, 

n n i^p-^^-i = n n (i^^p-^d n n 

and for all s = 1, . . . , r — 2 and all rjj G Cs, one has Ivp ^ Vjl > r — s — 1. On the 
other hand, for all s = r + 2, . . . ,r7v and all rjj e C's, one just has \rij — ?7p| > 1 
(the estimate can be made better but it will not be usefull on the following). This 
yields to 

rjv r-2 riv 

n n I^P-^J-I ^ l[{r - s - l)*^^^^^""^^^ II l*MN)nc.} 

s—l,s^r — l,r,r-\-l 7]jGCs s—1 s— r+2 

(4.15) = exp ( ^ #{77(7V) n CJ ln(r - s - 1) ) . 
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One can get an estimate of the sum as follows: 

r-2 r-2 

(4.16) ^#{77(7V)na}ln(r-s-l) = {\nr)Y,#{v{N) n C^} 



r — s — 1 



By (I4.3p . the first sum is 

r-2 

(4.17) (\nr)Y,#{v{N)nCs} 



N N\nr 1-1/2'-^ 

(Inr) > — = ; 

^ '^2' 2 1-1/2 



(A^lnr) 1 - 



)r-2 



The second one is like 



^7V, /r-s-l 
/ t;- In 



/ t:- In 



l<s<r/2-l 



^ iV, (r- s- 1 
/ In 

/ ' OS 



> -(iVln2) ^ 1 - (TVlnr) ^ ^ 



r/2-l<s<r-2 

Inr) 



> -iVln2 



l<s<r/2-l 

A^lnr ^ 1 

2r/2-l / ^ 2* ' 
s>0 



r/2-l<s<r-2 



le 



r-2 



(4.18) ^#{77(iV)na}ln 



r — s — 1 



-iVln2 



Then (HT^ . (|iTf|) and yield to 

exp [ ^ #{?7(iV) n ln(r - s - 1) ] > exp 



TV In r 1 



and (|4.15p becomes 
(4.19) 



n n 1^. 



Finally, (liT^ . and yield to 



n i^^' 



exp -8N- 



AN Inr 
2''/2 



2'' 2'' 
Inr' 



iVln2 



2r 



> 



(2e 



8-1 AT 



K.A 



(2e8) 



8W 



')p-»?il>l/3 



(6e8)^ ' 



and the lemma is proved. 



V 



Lemmas [13] and [U with (|4.7p finally allow us to give a lower bound for the whole 
product. 
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Corollary 8. For all N > 1 and p = 1, . . . ,N, one has 

N 

n \Vp-Vj\ > l/(3i?r. 
In addition, if rjp e Cr with r > 3, one has 

N 

Now we can give the proof of Theorem [5l 

Proof. The function f E O (C^) being fixed, for all compact subset C C^, all 
> 1 and all R > \\z\\k, one has by Lemmas [11] and [12] 

(4.20) sup|i?w(/;77)(z)| < 



— / J ]\f sup 



k+l>N ^ \ IP\ / 



-i,N WIWrMk n + {i + \vp\) 



Now if ?7p S Cr with r < 2, one has |77p| < r\/2 < 2\/2- It follows by Corollary[5] 
that 



ni,j^,i*--?,i " i/(3B)' 

If 77p e Cr with r > 3, then |?7p| < r-\/2 and by Corollary [8] one can deduce that 



N 



,(i±M!_ < ^BDf[^-±^\ <Ml + V2)^" 



V^,=i,j^^^P^m\ 

This allows us to give an estimate for all p = 1, . . . , A^, as 

#±M!_ < (3i,Z.(l + y2r 



Finally (|4.20p becomes 
It follows that, for all R > 3ABD{1 + V2)\\z\\k (that is > ||z||k), one has 



sup |i?Ar(/;?7)(z)| ^ 0, 



zG-K" 



and the theorem is proved. 
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In addition, the estimate (|4.21l) allows us to get a convergence that is also uniform 
on any compact subset of holomorphic functions. 

Corollary 9. Let K be a compact subset of C'^ and K. a compact subset of O (C^) 
( essentially any family of entire functions that is uniformly bounded on any compact 
subset of <C^ ) . Then 

0. 



sup sup \RN{f;ri){z)\ 
feKzeK 



JV->-oo 



It follows that 



sup sup \EN{f;v)iz) - f{z)\ 
feiCzeK 



The idea of the construction of CTc with the e-nets also gives us an affective way to 
construct such dense sequences whose associate interpolation formula is convergent. 
In particular, this justifies Corollary [T] from Introduction. 



Remark 4.1. To finish, as said in Introduction, we do not have yet an equivalent 
criterion for the case of a dense sequence. As a consequence of the direct sense of 
the proof of Theorem 1 (see \TT ) on one hand and by Lemma [TUl on the other hand, 
we know at least the following fact: if 77 = {'r]j)j:>i makes converge its associate 
interpolation formula, then for any homographic application h of the same type 
of (I3.2ip from Lemma [TUl there is i?^ > such that, for all p,q > 0, one has 



(4.22) 



A, 



C 



1 + ICP 



< 



r,P+q 



where 9j = h{rij), j > 1. 

This more general condition is always necessary, whatever {rjj)^^^ is dense or 
not (although by Theorem 1 one has a weaker condition that is still sufficient in 
the case of a non-dense sequence). We think that this new criterion should be also 
sufficient in the case of a dense family. Moreover, it could be replaced by another 
one that is weaker: if (I4.22p is satisfied with /io(C) = C a-nd /loc(C) = 1/Ci then the 
interpolation formula En{-; rj) is convergent. 



References 

[1] C. Alabiso, P. Butera, A^-variable rational approximants and method of moments, J. Math- 
ematical Phys. 16 (1975), 840-845. 

[2] S. Bergman, Uber ausgezeichnete Randflachen in der Theorie der Functionen von Zwei kom- 
plexen Veranderlichen, Math. Ann. 104 (1931), 611-636. 

[3] B. Berndtsson, A formula for interpolation and division in C", Math. Ann. 263 (1983), 
399-418. 

[4] N. Coleff, M. Herrera, Les courants rcsiduels associes a une forme meromorphe (French), 

Lecture Notes in Mathematics, 633, Springer, Berlin (1978). 
[5] B.A. Puks, Special chapters in the theory of analytic functions of several complex variables 

(In Russian), Amer. Math. Soc. (1965). 
[6] I. Gel'fand, D. Raikov, G. Shilov, Commutative normed rings (In Russian), Chelsea (1964). 
[7] G.M. Henkin, A. A. Shananin, Bernstein theorems and Radon transform. Application to the 

theory of production functions, Transl. Math. Monogr. 81 (1990), 189-223. 



46 



AMADEO IRIGOYEN 



[8] G.M. Hcnkin, A. A. Shananin, C"-capacity and multidimensional moment problem, Notre 

Dame Math. Lectures 12 (1992), 69-85. 
[9] M. Herrera, M. Lieberman, Residues and principal values on complex spaces. Math. Ann. 

194 (1971), 259-294. 

[10] L. Hormander, An introduction to complex analysis in several variables (1966). 

[11] A. irigoyen. An approximation formula for holomorphic functions by interpolation on the ball 

(2008) , http: / /arxiv.org/abs/0803.4178 
[12] A. Irigoyen, A criterion for the explicit reconstruction of a holomorphic function from its 

restrictions on lines (2010), http://arxiv.org/abs/1001.2431 
[13] B.F. Logan, L.A. Shepp, Optimal reconstruction of a function from its projections, Duke 

Math. J. 42 (1975), 645-659. 
[14] Several Complex Variables I: Introduction to Complex Analysis, A.G. Vitushkin (ed.), Berlin: 

Springer (1990). 

[15] A.G. Vitushkin, Theory of the transmission and processing of information, Pergamon Press 
(1961). 

Universitat de Barcelona, Gran Via de les Corts Catalanes, 585, 08007 Barcelona, 
Spain 

E-mail address: aLinadeo.irigoyeii@ub.edu 



